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*O UIJT %JQMPNB य़FTJT XF FNQMPZ B OJUF FMFNFOU OVNFSJDBM NFUIPE UP TPMWF UIF POF�
EJNFOTJPOBM )FMNIPMU[ FRVBUJPO −u′′ − k2u = f  JO UIF TFNJ�JOOJUF JOUFSWBM [0,+∞)� 8F
BTTVNF UIBU UIF XBWFOVNCFS k WBSJFT XJUI x JO UIF CPVOEFE JOUFSWBM [0, R] XIJMF JU SFNBJOT
DPOTUBOU GPS x > R� य़F )FMNIPMU[ FRVBUJPO JO VOCPVOEFE PS MBSHF EPNBJOT JT PॏFO VTFE
BT B NBUIFNBUJDBM NPEFM UP EFTDSJCF XBWF QSPQBHBUJPO QIFOPNFOB BOE JU IBT BQQMJDBUJPOT JO
WBSJPVT FMET TVDI BT VOEFSXBUFS BDPVTUJDT TFJTNPMPHZ FMFDUSPNBHOFUJTN FUD�

)FSF JO PSEFS UP PCUBJO BQQSPYJNBUJPOT PG UIF FYBDU TPMVUJPO XJUI UIF OJUF FMFNFOU
NFUIPE XF STU JOUSPEVDF BO BSUJDJBM CPVOEBSZ BU UIF QPJOU x = L GPS x > L JO PSEFS
UP USVODBUF UIF PSJHJOBMMZ TFNJ�JOOJUF JOUFSWBM [0,+∞) BOE GPSNVMBUF B B QSPCMFN JO UIF
OJUF MFOHUI JOUFSWBM [0, L] UIBU JO UVSO JT EJTDSFUJ[FE XJUI OJUF FMFNFOUT� "U UIF BSUJDJBM
CPVOEBSZ x = L XF JNQPTF BO BSUJDJBM BCTPSCJOH CPVOEBSZ DPOEJUJPO PG UIF %JSJDIMFU�UP�
/FVNBOO UZQF�य़JT DPOEJUJPO JT QSPQFSMZ EFTJHOFE UP CF DPNQMFUFMZ ۜUSBOTQBSFOU JO UIF TFOTF
UIBU JU EPFT OPU JOUSPEVDF TQVSJPVT SFFDUJPOT UP UIF OVNFSJDBM TPMVUJPO EVF UP UIF QSFTFODF
PG UIF BSUJDJBM CPVOEBSZ�

8F VTF UIF TUBOEBSE (BMFSLJO�OJUF FMFNFOU NFUIPE XJUI DPOUJOVPVT JO [0, L] QJFDFXJTF
MJOFBS CBTJT GVODUJPOT PO B VOJGPSN EJTDSFUJ[BUJPO PG [0, L] XIFSF h EFOPUFT UIF EJTDSFUJ[BUJPO
QBSBNFUFS� य़JT NFUIPE JT JNQMFNFOUFE JO B ."5-"# OJUF FMFNFOU DPEF� 8F VTF UIJT DPEF
UP SVO OVNFSJDBM FYQFSJNFOUT XJUI UIF BJN UP BTTFTT B
 UIF SBUF PG DPOWFSHFODF PG PVS NFUIPE
C
 UIF XBZ UIBU UIF XBWFOVNCFS k BOE UIF EJDSFUJ[BUJPO QBSBNFUFS h BSF SFMBUFE JO PSEFS UP
NBJOUBJO B DFSUBJO MFWFM PG BDDVSBDZ D
 UIF JOVFODF 	JG BOZ
 PG UIF QPTJUJPO PG UIF BSUJDJBM
CPVOEBSZ BOE E
 UIF Fਖ਼DJFODZ PG UIF QSPQPTFENFUIPE JO QSPCMFNTXJUI WBSJBCMFXBWFOVNCFS�
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ͩͤͫͤͬ͞͠
� ͓͠ ͩͼͰͨ͠ ͢Ͱͫͫͨͩ͛͠ ͫͧͦͫ͠͠ͳͨͩ͛ ͫͮͬͳͪ͜͠ ͯͮʹ ͶͰͦͲͨͫͮͯͮͨͮͼͬͳͨ͠ ͨ͢͠ ͳͦͬ ͯͤͰͨ͢Ͱ͠͵͝
ͳ͜ͳͮͨͬ ͵ͨͬͮͫͬͬ͜͠ ͡͠Ͳͥͮͬ͞ͳͨ͠ Ͳͳͦͬ ͩʹͫ͠ͳͨͩ͝ ͤͭ͞ͲͲͦ ͯͮʹ ͤͬͨ͞͠ ͫͨ͠ ͢Ͱͫͫͨͩ͠͝ ͫͤͰͨͩ͝ ͣͨ͠�
͵ͮͰͨͩ͝ ͤͭ͞ͲͲͦ ͣͤͼͳͤͰͦͱ ͳ͛ͭͦͱ� ́ͬ ʹͯͮͧ͜Ͳͮʹͫͤ ͻͳͨ ͦ ͶͰͮͬͨͩ͝ ͤͭ͛ͰͳͦͲͦ ͤͬͨ͞͠ ͠Ͱͫͮͬͨͩ͝
ͣͦͪͣ͠͝ ͬ͠ ͜Ͷͮʹͫͤ ͬ͜͠ ͧͫ͡͠ͳͻ ͯͤͣͮ͞ ͳͦͱ ͫͮͰ͵͝ͱ U(x, t) ͦ ͶͰͮͬͨͩ͝ ͫͤͳͪͦ͠͡ͳ͝ ͣͨ͠ͶͰͥͤ͞�
ͳͨ͠ ͱ U(x, t) = u(x)e−iωt ͻͯͮʹ u ͤͬͨ͞͠ ͫͨ͠ Ͳͳ͛Ͳͨͫͦ Ͳʹͬ͛ͰͳͦͲͦ ͳͻͳͤ ͩ͠ͳͪͮ͢͠͝ʹͫͤ Ͳͳͦͬ
ͤͭ͞ͲͲͦ )FMNIPMU[ ͝ ͬͦͫͬͦ͢͜͠ ͩʹͫ͠ͳͨͩ͝ ͤͭ͞ͲͲͦ ∆u + k2u = 0 ͻͯͮʹ k ͤͬͨ͞͠ ͫͨ͠ ͵ʹͲͨͩ͝
ͯ͠Ͱ͛ͫͤͳͰͮͱ ͯͮʹ ͪͤ͜͢ͳͨ͠ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ� ̓ͨ͠ ͳ͠ ͡͠Ͳͨͩ͛ ͤͰͳͫ͝͠ͳ͠ ͼͯ͠Ͱͭͦͱ ͩͨ͠ ͫͮͬͣͨͩ͠ͻ�
ͳͦͳ͠ͱ ͪͼͲͤͬ ͨ͢͠ ͯͰͮͪͦͫ͛͡ͳ͠ ͫͤ ͳͦͬ ͤͭ͞ͲͲͦ )FMNIPMU[ ͯ͠Ͱͯͫͯͮ͜͠ʹͫͤ Ͳͳͮ ͨͪͮ͡͡͞ ͳͬ
$PMUPO ͩͨ͠ ,SFTT <�>� ̽Ͳͮͬ ͠͵ͮͰ͛ Ͳͳͦͬ ͯͰͮͲͨ͜͢͢Ͳͦ ͪͼͲͤͬ ͳͦͱ ͤͭ͞ͲͲͦͱ )FMNIPMU[ ͫͤ
͠Ͱͨͧͫͦͳͨͩ͜ͱ ͫͤͧͻͣͮʹͱ ͫͨ͠ ͧͤͫͤͪͨͽͣͦͱ ͣʹͲͩͮͪ͞͠ ͲͶͤͳͥͤ͞ͳͨ͠ ͫͤ ͳͮͬ Ͱͻͪͮ ͳͮʹ ͩʹͫ͠ͳ͠Ͱͨͧͫͮͼ
k� ͏ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ Ͷ͠Ͱͩ͠ͳͦͰͥͤͨ͞ ͳͦͬ ͳͪͬ͠͠ͳͳͨͩ͝ ͲʹͫͯͤͰͨ͵ͮͰ͛ ͳͦͱ ͩ͠Ͱͨͮ͡ͼͱ ͪͼͲͦͱ� ̽Ͳͮ
ͫͤͪ͢͠ͽͬͤͨ ͦ ͳͨͫ͝ ͳͦͱ ͯ͠Ͱͫ͜͠ͳͰͮʹ k ͳͻͲͮ ͯͨͮ ͬ͜ͳͮͬͤͱ ͬͮͬ͢͞ͳͨ͠ ͮͨ ͳͪͬ͠͠ͳͽͲͤͨͱ� ͕ʹͲͨͩ͛ ͦ
ͲʹͫͯͤͰͨ͵ͮͰ͛ ͠ʹͳ͝ ͯͰͯͤͨ͜ ͬ͠ kͪͦ͵ͧͤ͞ ʹͯ ͻͷͨͬ{ ͩͨ͠ ͯ͠ͻ ͳͦͬ ͠Ͱͨͧͫͦͳͨͩ͝ ͫͧͮͣͮ͜� ̺ͬ͠ͱ ͤͫͯͤͨ�

�



Ͱͨͩͻͱ ͩͬ͠ͻͬ͠ͱ ͤͬͨ͞͠ ͬ͠ ͶͰͦͲͨͫͮͯͮͨͤ͞ ͩͬͤ͠͞ͱ ͬͬ͜͠ Ͳʹͩͤͩ͢Ͱͨͫͬͮ͜ ͠Ͱͨͧͫͻ ͩͻͫͬ͡ ͬ͛͠ ͫͩͮ͝ͱ
ͩͼͫ͠ͳͮͱ� ͐͠Ͱͻͪ͠ ͠ʹͳ͛ ͤͬͨ͞͠ ͬ͢Ͳͳͻ ͻͳͨ ͮ ͩͬ͠ͻͬ͠ͱ ͠ʹͳͻͱ ͣͤͬ ͤͬͨ͞͠ ͠Ͱͩͤͳͻͱ ͨ͢͠ ͬ͠ ͫ͠ͱ
ͤͭ͠Ͳ͵ͪ͠͞Ͳͤͨ ͭͨ͠ͻͯͨͲͳ͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠ ͨ͢͠ ͫͤ͛ͪͤ͢ͱ ͳͨͫ͜ͱ ͳͮʹ ͩʹͫ͠ͳ͠Ͱͨͧͫͮͼ k�

͒ʹͩͤͩ͢Ͱͨͫͬ͜͠ Ͳͳͦͬ ͯ͠ͰͮͼͲ͠ ͣͨͯͪͫ͠ͳͨͩ͝ ͧ͠ ͠ͲͶͮͪͦͧͮͼͫͤ ͫͤ ͳͦͬ ͠Ͱͨͧͫͦͳͨͩ͝ ͤͯͪ͞ʹͲͦ
ͳͦͱ ͤͭ͞ͲͲͦͱ )FMNIPMU[ Ͳͤ ͫͨ͠ ͶͰͨͩ͝ ͣͨ͛Ͳͳ͠Ͳͦ −u′′ − k2u = f  ͫͤ ͳͦ ͫͧͮͣͮ͜ ͳͬ ͯͤͯͤ�
Ͱ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞ Ͳͤ ͬ͜͠ ͦͫͨ͛ͯͤͨͰͮ ͣͨ͛Ͳͳͦͫ͠ ͳͦͱ ͫͮͰ͵͝ͱ [0,+∞)� ͇ ͣͮͫ͝ ͳͦͱ ͤͰ͢͠Ͳ͞͠ͱ
ͤͬͨ͞͠ ͦ ͩ͠ͻͪͮʹͧͦ�

͒ͳͮ ͊ͤ͵͛ͪͨͮ͠ � ͣͤ͞Ͷͬͮʹͫͤ ͯͽͱ ͯͰͮͩͼͯͳͤͨ ͦ ͩʹͫ͠ͳͨͩ͝ ͤͭ͞ͲͲͦ ͯ͠ͻ ͡͠Ͳͨͩ͜ͱ ͠ͰͶ͜ͱ� ͒ͳͦ
Ͳʹͬ͜Ͷͤͨ͠ ͩ͛ͳ ͯ͠ͻ ͳͦͬ ʹͯͻͧͤͲͦ ͻͳͨ ͦ ͶͰͮͬͨͩ͝ ͤͭ͛ͰͳͦͲͦ ͤͬͨ͞͠ ͠Ͱͫͮͬͨͩ͝ ͩ͠ͳͪͮ͢͠͝ʹͫͤ
Ͳͳͦͬ ͣͨ͠ͳͼͯͲͦ ͳͦͱ ͤͭ͞ͲͲͦͱ )FMNIPMU[� ͌ͤͪͤͳ͛ͫͤ ͳͦͬ ͤͭ͞ͲͲͦ Ͳͳͮ ͦͫͨ͛ͯͤͨͰͮ ͣͨ͛Ͳͳͦͫ͠
(0,+∞) ͻͯͮʹ Ͳͳͮ ͵Ͱͫͬͮ͢͜͠ ͛ͩͰͮ 	x = 0
 ͤͯͨ͛ͪͪͮ͡ʹͫͤ ͮͫͮͤͬ͢͝ Ͳʹͬͧͩͦ͝ %JSJDIMFU ͩͨ͠
Ͳʹͬͧͩͦ͝ ͩ͠ͳͨͬͮͮͪ͡͞͠ͱ 4PNNFSGFME Ͳͳͮ ͛ͯͤͨͰͮ� ͒ͳͦ ͣͨ͠ͳͼͯͲͦ ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͻͱ ͫ͠ͱ ͤͯͨ�
ͳͰͯͮ͜ʹͫͤ ͮ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ k ͬ͠ ͫͤͳ͛ͪͪͤ͠͡ͳͨ͠ ͫͤ ͳͮ x Ͳ ͤͬ͠ ͵Ͱͫͬͮ͢͜͠ ͣͨ͛Ͳͳͦͫ͠ [0, R] ͤͬͽ
ͨ͢͠ x > R ʹͯͮͧ͜ͳͮʹͫͤ ͻͳͨ ͯ͠͞Ͱͬͤͨ ͫͨ͠ Ͳͳͧͤ͠Ͱ͝ ͳͨͫ͝� ͒ͳͦͬ ͯͤͰͯ͞ͳͲͦ ͯͮʹ ͮ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ
ͤͬͨ͞͠ Ͳͳͧͤ͠Ͱͻͱ ͨ͢͠ ͩ͛ͧͤ x > 0 ͯͤͰͨ͢Ͱ͛͵ͮʹͫͤ ͯͽͱ ͫͯͮͰͮͼͫͤ ͬ͠ ʹͯͮͪͮ͢͞Ͳͮʹͫͤ ͬͪ͠͠ʹͳͨͩ͛
ͳͦ ͪͼͲͦ ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͮͱ ͫͤ ͳͦ ͮͧͤͨ͡͝͠ ͳͦͱ Ͳʹͬ͛ͰͳͦͲͦͱ (SFFO� ͒ͳͦ ͤͬͨͩ͢ͻͳͤͰͦ ͯͤͰͯ͞ͳͲͦ
ͻͯͮʹ k = k(x) ͨ͢͠ x ∈ [0, R] ͤͨͲ͛ͮ͢ʹͫͤ ͬ͜͠ ͳͤͶͬͦͳͻ ͲͼͬͮͰͮ Ͳͳͮ x = L ͫͤ L > R
ͩͨ͠ ͣͨ͠ͳʹͯͽͬͮʹͫͤ ͬ͜͠ ͯͰͻͪͦͫ͡͠ ͨ͢͠ ͳͦͬ ͤͭ͞ͲͲͦ )FMNIPMU[ Ͳͳͮ ͵Ͱͫͬͮ͢͜͠ ͯͪͮͬ͜ ͣͨ͛Ͳͳͦͫ͠
[0, L] ͧ͜ͳͮͬͳ͠ͱ Ͳͳͮ ͛ͩͰͮ x = L ͫͨ͠ Ͳʹͬͧͩͦ͝ %JSJDIMFU�UP�/FVNBOO� ͓ͮ ͯͰͻͪͦͫ͡͠ ͠ʹͳͻ ͧ͠
ͣͨͩ͠Ͱͨͳͮͯͮͨ͝Ͳͮʹͫͤ Ͳͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͫͤ ͳͦ ͫͧͮͣͮ͜ ͳͬ ͯͤͯͤͰ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞�

͒ͳͮ ͊ͤ͵͛ͪͨͮ͠ � ͯ͠ͰͮʹͲͨ͛ͥͮʹͫͤ ͩ͛ͯͮͨͤͱ ͯ͠͠Ͱ͠͞ͳͦͳͤͱ ͬͬͮͨͤ͜ͱ ͯ͠ͻ ͳͦ Ͳʹͬ͠ͰͳͦͲͨͩ͠͝ ͬ͛͠�
ͪʹͲͦ ͩͨ͠ ͤͨͲ͛ͮ͢ʹͫͤ ͳͮʹͱ ͶͽͰͮʹͱ Ͳʹͬ͠Ͱͳ͝Ͳͤͬ ͯͮʹ ͧ͠ ͶͰͦͲͨͫͮͯͮͨ͝Ͳͮʹͫͤ ͩͨ͠ ͳͮͬ ͯ͠͠Ͱ͠͞�
ͳͦͳͮ Ͳʹͫͮͪͨ͡Ͳͫͻ� ͐ͤͰͨ͢Ͱ͛͵ͮʹͫͤ ͳͦͬ ͠Ͳͧͤͬ͝ ͣͨ͠ͳͼͯͲͦ ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͮͱ ͩͨ͠ ͳͪͮ͜ͱ ͣͨ͠ͳʹ�
ͯͽͬͮʹͫͤ ͳͦ Ͳʹͬͧͦ͝ ͫͧͮͣͮ͜ (BMFSLJO�ͯͤͯͤͰ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞ ͨ͢͠ ͳͦͬ ͠Ͱͨͧͫͦͳͨͩ͝ ͤͯͪ͞ʹͲͦ
ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͮͱ ͯͮʹ ͫͤͪͤͳ͛ͫͤ�

͒ͳͮ ͊ͤ͵͛ͪͨͮ͠ � ͭͤͩͨͬ͛ͫͤ ͫͤ ͳͦͬ ͯͤͰͨ͢Ͱ͠͵͝ ͳͦͱ ʹͪͮͯͮͦ͞Ͳͦͱ ͳͦͱ ͫͤͧͻͣͮʹ Ͳͤ ͬͬ͜͠ ͩͽͣͨͩ͠
ͯͤͯͤͰ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞ ͯͮʹ ͤͬͨ͞͠ ͢Ͱͫͫͬͮ͜͠ͱ Ͳͳͮ ."5-"# ͩͨ͠ Ͳʹͬͮͷͥͮ͞ʹͫͤ ͳ͠ ͡͠Ͳͨͩ͛
ͳͮʹ Ͳͦͫͤ͞͠� ͌ͤ ͳͮͬ ͩͽͣͨͩ͠ ͠ʹͳͻͬ ͤͩͳͤͪͮͼͫͤ ͠Ͱͨͧͫͦͳͨͩ͛ ͯͤͨͰ͛ͫ͠ͳ͠ ͯͮʹ ͣͨͩ͠Ͱͬͮͬ͞ͳͨ͠ Ͳͤ ͣͼͮ
ͩ͠ͳͦͮ͢Ͱͤ͞ͱ� ͠
 Ͳʹͩ͢Ͱ͞Ͳͤͨͱ ͫͤ ͩ͠Ͱͨͤ͡͞ͱ ͪͼͲͤͨͱ ͩͨ͠ ͡
 ͯͤͨͰ͛ͫ͠ͳ͠ ͫͤ ͫͤͳͪͦ͠͡ͳͻ ͩʹͫ͠ͳ͠Ͱͨͧͫͻ
k� ̓ͨ͠ ͬ͠ ͤͯͨͳͼͶͮʹͫͤ ͳͦ Ͳͼͩ͢ͰͨͲͦ ͫͤ ͩ͠Ͱͨͤ͡͞ͱ ͪͼͲͤͨͱ ͧͤͰͮͼͫͤ ͻͳͨ ͳͮ ͶͰͮ͞ ͫ͠ͱ ͤͬͨ͞͠ ͮͫͮͨͮ�
ͤͬ͢͜ͱ ͫͤ Ͳͳͧͤ͠Ͱͻ ͩʹͫ͠ͳ͠Ͱͨͧͫͻ k� ͓ͮ ͯͰͽͳͮ ͫ͠ͱ ͯͤ͞Ͱͫ͠͠ ͤͪ͜͢Ͷͤͨ ͳͦͬ ͩ͠Ͱͤͨ͞͡͠ ͳͦͱ ͫͤͧͻͣͮʹ
ͫͤͳͰͽͬͳ͠ͱ ͳͮ Ͳ͵͛ͪͫ͠ ͫͤͳͭ͠ͼ ͳͦͱ ͩ͠Ͱͨͮ͡ͼͱ ͩͨ͠ ͳͦͱ ͯͰͮͲͤͨ͢͢Ͳͳͨͩ͝ͱ ͪͼͲͦͱ ͱ ͯͰͮͱ ͳͦͬ L2

ͩͨ͠ ͳͦͬ H1 ͬͻͰͫ͠ ͨ͢͠ ͳͰͤͨͱ ͣͨ͠͵ͮͰͤͳͨͩ͜ͱ ͲʹͶͬͻͳͦͳͤͱ� ͓͠ ͯͤͨͰ͛ͫ͠ͳ͛ ͫ͠ͱ ͤͯͨͤͨ͡͡͠ͽͬͮʹͬ ͳ͠
ͬ͢Ͳͳ͛ ͯ͠ͻ ͳͦ ͧͤͰ͞͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠ <�� ��> ͣͦͪͣ͠͝ ͻͳͨ ͦ ͳ͛ͭͦ ͩ͠Ͱͤͨ͞͡͠ͱ ͨ͢͠ ͳͮ H1

�



Ͳ͵͛ͪͫ͠ ͤͬͨ͞͠ ͞Ͳͦ ͫͤ � ͩͨ͠ ͨ͢͠ ͳͮ L2 Ͳ͵͛ͪͫ͠ ͤͬͨ͞͠ ͞Ͳͦ ͫͤ ��
̺ͬ͠ ͩͰ͞Ͳͨͫͮ ͤͰͽͳͦͫ͠ Ͳͤ ʹͯͮͪͮͨ͢Ͳͫͮͼͱ ͯͤͯͤͰ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞ ͤͬͨ͞͠ ͳͮ ͩ͠ͻͪͮʹͧͮ� ̈́ͤ�

ͣͮͫͬͮ͜ʹ ͤͬͻͱ ͣͨ͠Ͳͳͫ͝͠ͳͮͱ [0, L] ͯͮͨ͠ ͤͬͨ͞͠ ͦ ͲͶ͜Ͳͦ ͤͭ͛ͰͳͦͲͦͱ ͳͮʹ Ͳ͵͛ͪͫ͠ͳͮͱ ͯ͠ͻ ͳͮͬ ͩʹ�
ͫ͠ͳ͠Ͱͨͧͫͻ k ͩͨ͠ ͳͦͬ ͯ͠Ͱ͛ͫͤͳͰͮ ͣͨͩ͠Ͱͨͳͮͯͮͦ͞Ͳͦͱ h� ͏ ͤͫͯͤͨͰͨͩͻͱ ͩͬ͠ͻͬ͠ͱ ͯͮʹ ͬ͠͠͵͜Ͱͫͤ͠
ͬͰ͞ͳͤͰ͠ ͣͦͪͣ͠͝ ͬ͠ ͣͨ͠ͳͦͰͮͼͫͤ ͬͬ͜͠ Ͳʹͩͤͩ͢Ͱͨͫͬͮ͜ ͠Ͱͨͧͫͻ ͩͻͫͬ͡ ͬ͛͠ ͫͩͮ͝ͱ ͩͼͫ͠ͳͮͱ
ͮͣͦͤ͢͞ Ͳͳͮ ͬ͠ ͤͯͨͪͮ͜͢ʹͫͤ ͳͮ h ͜ͳͲͨ ͽͲͳͤ ͳͮ ͨͬ͢ͻͫͤͬͮ kh ͬ͠ ͯ͠Ͱͫͬͤͨ͜͠ Ͳͳͧͤ͠Ͱͻ ͩͨ͠ ͫͨͩͰͻ�
͓͠ ͠Ͱͨͧͫͦͳͨͩ͛ ͫ͠ͱ ͯͤͨͰ͛ͫ͠ͳ͠ ʹͯͮͣͤͨͩͬͼͮʹͬ ͻͳͨ ͠ʹͳͻ ͣͤͬ ͠Ͱͩͤͳͻ ͩͨ͠ ͻͳͨ ͨ͢͠ ͬ͠ ͣͨ͠ͳͦͰ͝�
Ͳͤͨ ͩͬͤ͠͞ͱ Ͳͳͧͤ͠Ͱͻ ͳͮ ͲͶͤͳͨͩͻ Ͳ͵͛ͪͫ͠ ͯͰͯͤͨ͜ ͬ͠ ͯ͠Ͱͫͬͤͨ͜͠ Ͳͳͧͤ͠Ͱͻ ͩͨ͠ ͫͨͩͰͻ ͳͮ ͨͬ͢ͻͫͤͬͮ
k3h2� ̈́ͦͪͣ͠͝ ͨ͢͠ ͬ͠ ͣͨ͠ͳͦͰ͝Ͳͮʹͫͤ Ͳͳͧͤ͠Ͱͻ ͳͮ ͤͯͯͤͣͮ͞ ͳͮʹ ͲͶͤͳͨͩͮͼ Ͳ͵͛ͪͫ͠ͳͮͱ ͩͧ͠ͽͱ ͮ
ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ k ͠ʹͭ͛ͬͤͨ ͧ͠ ͯͰͯͤͨ͜ ͬ͠ ͤͯͨͪͮ͜͢ʹͫͤ ͳͮ h ͱ ͬ͛ͪͮͮ͢͠ ͳͮʹ k− 3

2 � ͇ ͲͶ͜Ͳͦ ͠ʹͳ͝
͜Ͷͤͨ ͯͮͣͤͨ͠Ͷͧͤ͞ ͬͪ͠͠ʹͳͨͩ͛ Ͳͳͦͬ ͯͤͰͯ͞ͳͲͦ ͳͦͱ ͫ͞͠ͱ ͣͨ͛Ͳͳ͠Ͳͦͱ <��> ͩͨ͠ ͤͯͨͤͨͧͤ͡͡͠͞ ͠Ͱͨͧ�
ͫͦͳͨͩ͛ Ͳͳͦͬ ͯͤͰͯ͞ͳͲͦ ͳͬ ͣͼͮ ͣͨ͠Ͳͳ͛Ͳͤͬ ͪͯͤ͜͡ ͯ�Ͷ� <� ��>� ́ͬͳͨͧ͜ͳͱ ͬ͠ ͤͯͨͪͮ͜͢ʹͫͤ
ͳͮ h ͜ͳͲͨ ͽͲͳͤ ͳͮ ͨͬ͢ͻͫͤͬͮ k2h ͬ͠ ͯ͠Ͱͫͬͤͨ͜͠ Ͳͳͧͤ͠Ͱͻ ͩͨ͠ ͫͨͩͰͻ ͳͻͳͤ ͣͨͯͨ͠Ͳͳͽͬͮʹͫͤ ͻͳͨ ͳͮ
ͲͶͤͳͨͩͻ Ͳ͵͛ͪͫ͠ ͫͤͨͽͬͤͳͨ͠� ͒ͳͮ Ͳͦͫͤͮ͞ ͠ʹͳͻ ͭͥͤͨ͠͞ ͬ͠ ͲͦͫͤͨͽͲͮʹͫͤ ͻͳͨ ͩ͠ͻͫͦ ͩͨ͠ ͬ͠ ͩͮ͠�
ͪͮʹͧ͝Ͳͮʹͫͤ ͳͮͬ ͤͫͯͤͨͰͨͩͻ ͩͬ͠ͻͬ͠ ͩͨ͠ ͤͯͨͪͮ͜͢ʹͫͤ ͳͮ h ͱ ͬ͛ͪͮͮ͢͠ ͳͮʹ 1/k ͳͮ ͯͮ͠ͳͪͤ͜Ͳͫ͠
ͤͬͨ͞͠ ͻͳͨ Ͳͤ Ͱͤͪͨ͠Ͳͳͨͩ͛ ͯͰͮͪͫ͡͝͠ͳ͠ ͨ͢͠ ͫͤ͛ͪͤ͢ͱ ͳͨͫ͜ͱ ͳͮʹ k ͩ͠ͳͪͮ͢͠͝ʹͫͤ Ͳͤ ͯͮͪͼ ͫͤ͛ͪ͢͠
͢Ͱͫͫͨͩ͛͠ ͲʹͲͳͫ͝͠ͳ͠� ͓ͮ ͤͮͬ͢͢ͻͱ ͠ʹͳͻ ͯͤͰͨͮͰͥͤͨ͞ Ͳͦͫͬ͠ͳͨͩ͛ ͳͦͬ ͤ͵͠Ͱͫͮ͢͝ ͳͦͱ ͫͤͧͻͣͮʹ
ͯͤͯͤͰ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞ Ͳͤ ͯͰͮͪͫ͡͝͠ͳ͠ ͨ͢͠ Ͷͫͦͪ͜͠ͱ ͝ ͫͤͲͤ͠͞ͱ ͲʹͶͬͻͳͦͳͤͱ ͩͨ͠ ͲͶͤͳͨͩ͛
ͫͨͩͰ͜ͱ ͯͮ͠Ͳͳ͛Ͳͤͨͱ�

͒ͳͮ ͳͤͪͤʹͳͮ͠͞ ͫ͠ͱ ͯͤ͞Ͱͫ͠͠ Ͳʹͩ͢Ͱ͞Ͳͤͬ ͫͤ ͩ͠Ͱͨͤ͡͞ͱ ͪͼͲͤͨͱ ͤͭͤͳ͛ͥͮʹͫͤ ͩ͠ͳ͛ ͯͻͲͮͬ ͦ ͧ͜Ͳͦ
ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹ L ͤͯͦͰͤ͛ͥͤͨ ͳͦͬ ͠Ͱͨͧͫͦͳͨͩ͝ ͫ͠ͱ ͪͼͲͦ� ͓ͮ ͩͤ͵͛ͪͨͮ͠ ͠ʹͳͻ ͩͪͤͬͤͨ͞ ͫͤ
ͯͤͨͰ͛ͫ͠ͳ͠ ͨ͢͠ ͫͤͳͪͦ͠͡ͳͻ ͩʹͫ͠ͳ͠Ͱͨͧͫͻ k ͨ͢͠ ͣͨ͛͵ͮͰͤͱ ͲʹͶͬͻͳͦͳͤͱ� ͓ͪͮ͜ͱ Ͳͳͮ ͊ͤ͵͛ͪͨͮ͠ �
Ͳʹͬͮͷͥͮ͞ʹͫͤ ͳ͠ ͲʹͫͯͤͰ͛Ͳͫ͠ͳ͛ ͫ͠ͱ ͩͨ͠ ͯ͠ͰͮʹͲͨ͛ͥͮʹͫͤ ͩ͛ͯͮͨͤͱ ͯͰͮͳ͛Ͳͤͨͱ ͨ͢͠ ͯͤͰͨ͠ͳ͜Ͱ
͜Ͱͤʹͬ͠�

�



ˠ˺̋˱̀˶˾̄ �

˝ ˺̃˴̈̎̈˼ )FMNIPMU[

͒ͳͮ ͩͤ͵͛ͪͨͮ͠ ͠ʹͳͻ ͠ͰͶͨͩ͛ ͧ͠ ͣͤͭͮ͞ʹͫͤ ͯͽͱ ͯͰͮͩͼͯͳͤͨ ͦ ͩʹͫ͠ͳͨͩ͝ ͤͭ͞ͲͲͦ ͯ͠ͻ ͡͠Ͳͨͩ͜ͱ
͠ͰͶ͜ͱ ͻͯͱ ͦ ͤͭ͞ͲͲͦ ͩͬͦ͞Ͳͦͱ ͦ ͤͭ͞ͲͲͦ Ͳʹͬ͜Ͷͤͨ͠ͱ ͩͨ͠ ͮͨ ͵ʹͲͨͩ͜ͱ ʹͯͮͧ͜Ͳͤͨͱ ͯͮʹ ͣͨ͠�
ͳʹͯͽͬͮͬͳͨ͠ ͫ͜Ͳ ͳͦͱ ͩ͠ͳ͠Ͳͳ͠ͳͨͩ͝ͱ ͤͭ͞ͲͲͦͱ� ͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͩ͛ͳ ͯ͠ͻ ͳͦͬ ʹͯͻͧͤͲͦ ͻͳͨ ͦ
ͶͰͮͬͨͩ͝ ͤͭ͛ͰͳͦͲͦ ͤͬͨ͞͠ ͠Ͱͫͮͬͨͩ͝ 	ͳͦͱ ͫͮͰ͵͝ͱ FYQ(−iωt)
 ͩ͠ͳͪͮ͢͠͝ʹͫͤ Ͳͳͦͬ ͣͨ͠ͳͼͯͲͦ
ͳͦͱ ͤͭ͞ͲͲͦͱ )FMNIPMU[ ͯͮʹ ͮͬͮͫ͛ͥͤͳͨ͠ ͩͨ͠ ͬͦͫͬͦ͢͜͠ ͩʹͫ͠ͳͨͩ͝ ͤͭ͞ͲͲͦ� ͒ʹͩͤͩ͢Ͱͨͫͬ͜͠
ͧ͠ ͫͤͪͤͳ͝Ͳͮʹͫͤ ͳͦͬ ͤͭ͞ͲͲͦ )FMNIPMU[ Ͳͤ ͫ͞͠ ͶͰͨͩ͝ ͣͨ͛Ͳͳ͠Ͳͦ Ͳͳͮ ͦͫͨ͛ͯͤͨͰͮ ͣͨ͛Ͳͳͦͫ͠
(0,+∞)� ͒ͳͮ ͵Ͱͫͬͮ͢͜͠ ͛ͩͰͮ 	x = 0
 ʹͯͮͧ͜ͳͮʹͫͤ ͫͨ͠ ͮͫͮͤͬ͢͝ Ͳʹͬͧͩͦ͝ %JSJDIMFU ͤͬͽ ͨ͢͠ ͬ͠
ͤͬͨ͞͠ ͳͮ ͯͰͻͪͦͫ͡͠ ͩͪ͠ͽͱ ͳͤͧͤͨͫͬͮ͜ ͳͮ ͲʹͫͯͪͦͰͽͬͮʹͫͤ ͫͤ ͫ͞͠ ͩ͠ͳ͛ͪͪͦͪͦ Ͳʹͬͧͩͦ͝ ͩ͠ͳͨ�
ͬͮͮͪ͡͞͠ͱ Ͳͳͮ ͛ͯͤͨͰͮ� ͇ Ͳʹͬͧͩͦ͝ ͠ʹͳ͝ ͪͤ͜͢ͳͨ͠ Ͳʹͬͧͩͦ͝ ͩ͠ͳͨͬͮͮͪ͡͞͠ͱ 4PNNFSGFME� ͒ͳͦͬ
ͣͨ͠ͳͼͯͲͦ ͳͮʹ ͯͰͮͪͦͫ͡͠ͳͻͱ ͫ͠ͱ ͤͯͨͳͰͯͮ͜ʹͫͤ ͮ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ k ͬ͠ ͫͤͳ͛ͪͪͤ͠͡ͳͨ͠ ͫͤ ͳͮ x

Ͳͤ ͬ͜͠ ͵Ͱͫͬͮ͢͜͠ ͣͨ͛Ͳͳͦͫ͠ [0, R] ͤͬͽ ͨ͢͠ x > R ʹͯͮͧ͜ͳͮʹͫͤ ͻͳͨ ͯ͠͞Ͱͬͤͨ ͫͨ͠ Ͳͳͧͤ͠Ͱ͝ ͳͨͫ͝
kR� ͒ͳͦͬ ͯͤͰͯ͞ͳͲͦ ͯͮʹ ͮ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ ͤͬͨ͞͠ Ͳͳͧͤ͠Ͱͻͱ ͨ͢͠ ͩ͛ͧͤ x > 0 ͳͻͳͤ ͫͯͮͰͮͼͫͤ ͬ͠
ʹͯͮͪͮ͢͞Ͳͮʹͫͤ ͬͪ͠͠ʹͳͨͩ͛ ͳͦ ͪͼͲͦ ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͮͱ ͫͤ ͳͦ ͮͧͤͨ͡͝͠ ͳͦͱ Ͳʹͬ͛ͰͳͦͲͦͱ (SFFO�
͒ͳͦͬ ͐͠Ͱ͢͠Ͱ͛͵ͮ ��� ͯ͠ͰͮʹͲͨ͛ͥͮʹͫͤ ͳͨͱ ͡͠Ͳͨͩ͜ͱ ͨͣͤ͜ͱ ͩͨ͠ ͨͣͨͻͳͦͳͤͱ ͳͦͱ Ͳʹͬ͛ͰͳͦͲͦͱ (SFFO
ͩͨ͠ ͣͤ͞Ͷͬͮʹͫͤ ͯͽͱ ͠ʹͳ͝ ͶͰͦͲͨͫͮͯͮͨͤ͞ͳͨ͠ ͽͲͳͤ ͬ͠ ͤͯͨͪͼͲͮʹͫͤ ͳͮ ͯͰͻͪͦͫ͡͠ ͯͮʹ ͫ͠ͱ ͤͬͣͨ͠�
͵͜Ͱͤͨ�

͏ ͲͳͻͶͮͱ ͫ͠ͱ ͤͬͨ͞͠ ͬ͠ ͤͯͨͪͼͲͮʹͫͤ ͳͮ ͯͰͻͪͦͫ͡͠ Ͳͳͦͬ ͯͤͰͯ͞ͳͲͦ ͯͮʹ ͮ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ
k ͤͭ͠Ͱͳ͛ͳͨ͠ ͯ͠ͻ ͳͮ x Ͳͳͮ ͣͨ͛Ͳͳͦͫ͠ [0, R] ͫͤ ͫͨ͠ ͫͧͮͣͮ͜ ͯͤͯͤͰ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞� ̓ͨ͠ ͳͮͬ
Ͳͩͮͯͻ ͠ʹͳͻ ͻͯͱ ͩͨ͠ ͨ͢͠ ͮͯͮͨͣͯͮ͠͝ͳͤ ͛ͪͪͦ ͛ͫͤͲͦ ͠Ͱͨͧͫͦͳͨͩ͝ ͫͧͮͣͮ͜ 	ͯ�Ͷ� ͫͧͮͣͮ͜ͱ ͯͤ�
ͯͤͰ͠Ͳͫͬͬ͜ ͣͨ͠͵ͮͰͽͬ
 ͳͮ ͦͫͨ͛ͯͤͨͰͮ ͣͨ͛Ͳͳͦͫ͠ (0,+∞) ͧ͠ ͯͰͯͤͨ͜ ͬ͠ kͯͤͰͨͩͮͯͤ͞{ ͩͨ͠ ͳͮ
ͯͰͻͪͦͫ͛͡ ͫ͠ͱ ͬ͠ ͬ͠ͳͨͩ͠ͳ͠Ͳͳͧͤ͠͞ ͯ͠ͻ ͬ͜͠ ͖͓͛ͥͯ͟͡͞͡ ͯͰͻͪͦͫ͡͠ ͣͨ͠ͳʹͯͫͬͮ͜ Ͳͤ ͬ͜͠ ͵Ͱ͢͠�
ͫͬͮ͜ ͣͨ͛Ͳͳͦͫ͠� ̺ͬ͠ͱ ͳͰͻͯͮͱ ͬ͠ ͤͯͨͳͤʹͶͧͤ͞ ͠ʹͳͻ ͤͬͨ͞͠ ͠ͰͶͨͩ͛ ͬ͠ ͧͤͰ͝Ͳͮʹͫͤ ͬ͜͠ ͩ͠ͳ͛ͪ�
ͪͦͪͮ ͣͨ͛Ͳͳͦͫ͠ (0, L) ͫͤ L > R ͣͦͪͣ͠͝ ͬ͜͠ ͣͨ͛Ͳͳͦͫ͠ ͳͮ ͮͯͮͮ͞ ͧͤͰͮͼͫͤ ͻͳͨ ͯͤͰͨ͜Ͷͤͨ ͻͪͤͱ
ͳͨͱ ͬͮͫͮͨͮͬͤͨͤ͢͜͠ͱ ͳͮʹ ͫ͜Ͳͮʹ� ͌ͤ ͳͮͬ ͳͰͻͯͮ ͠ʹͳͻ ͤͨͲ͛ͮ͢ʹͫͤ ͬ͜͠ ͳͤͶͬͦͳͻ ͲͼͬͮͰͮ Ͳͳͮ ͛ͩͰͮ
x = L ͮͯͻͳͤ ͧ͠ ͯͰͯͤͨ͜ ͬ͠ ͣͨ͠ͳʹͯͽͲͮʹͫͤ ͫͨ͠ ͩ͠ͳ͛ͪͪͦͪͦ ͲʹͬͮͰͨͩ͠͝ Ͳʹͬͧͩͦ͝ ͜ͳͲͨ ͽͲͳͤ ͳͮ
ͯͰͻͪͦͫ͡͠ ͯͮʹ ͣͨ͠ͳʹͯͽͬͤͳͨ͠ Ͳͳͮ ͵Ͱͫͬͮ͢͜͠ ͯͪͮͬ͜ ͣͨ͛Ͳͳͦͫ͠ [0, L] ͬ͠ ͤͬͨ͞͠ ͨͲͮͣͼͬͫͮ͠ ͫͤ ͳͮ
͠ͰͶͨͩͻ ͯͮʹ ͤͬͨ͞͠ ͣͨ͠ͳʹͯͫͬͮ͜ Ͳͳͮ ͦͫͨ͛ͯͤͨͰͮ ͣͨ͛Ͳͳͦͫ͠ [0,+∞) ʹͯͻ ͳͦͬ ͬͬͮͨ͜͠ ͻͳͨ ͦ ͪͼͲͦ
ͳͮʹ ͯͰͽͳͮʹ ͧ͠ ͤͬͨ͞͠ ͮ ͯͤͰͨͮͰͨͲͫͻͱ ͳͦͱ ͪͼͲͦͱ ͳͮʹ ͣͤͼͳͤͰͮʹ Ͳͳͮ ͵Ͱͫͬͮ͢͜͠ ͣͨ͛Ͳͳͦͫ͠ [0, L]�

�



͌ͨ͠ ͳ͜ͳͮͨ͠ ͩ͠ͳ͛ͪͪͦͪͦ ͲʹͬͮͰͨͩ͠͝ Ͳʹͬͧͩͦ͝ ͤͬͨ͞͠ ͦ ͪͤ͢ͻͫͤͬͦ Ͳʹͬͧͩͦ͝ %JSJDIMFU�UP�/FVNBOO
	%U/
 ͳͦͱ ͮͯͮ͞͠ͱ ͳͦͬ ͤͬͨͩ͢͝ ͨͣ͜͠ ͩͨ͠ ͳͦͬ ͩ͠ͳ͠Ͳͩͤʹ͝ ͯ͠ͰͮʹͲͨ͛ͥͮʹͫͤ Ͳͳͦͬ ͐͠Ͱ͛͢Ͱ͠͵ͮ ����

��� ˗˿̄̊̈̉˾˿˱ ˿̒́˶̉˶

͈ͤͰͮͼͫͤ ͳͦ ͣͨ͛ͣͮͲͦ ͩͮ͠ʹͲͳͨͩͽͬ ͩʹͫ͛ͳͬ ͫͨͩͰͮͼ ͯͪ͛ͳͮʹͱ Ͳͤ ͬ͜͠ ͮͫͮͤͬ͢͜ͱ ͨͲͮͳͰͮͯͨͩͻ
ͫ͜Ͳͮ Ͳͳͮͬ R3 ͯͮʹ ͯ͠ͰͨͲͳ͛ͬͤͨ ͬ͜͠ ͰͤʹͲͳͻ ͶͰ͞ͱ ͨͭͽͣͤͱ� ͓͠ ͩͮ͠ʹͲͳͨͩ͛ ͩͼͫ͠ͳ͠ 	ͮ ͝Ͷͮͱ
 ͤͬͨ͞͠
ͫͨͩͰ͜ͱ ͳͪͬ͠͠ͳͽͲͤͨͱ ͳͦͱ ͯͤ͞Ͳͦͱ p = p(x, t) Ͳͤ ͬ͜͠ ͲʹͫͯͨͤͲͳͻ ͨͣͤ͠ͳͻ ͰͤʹͲͳͻ� ͏ͨ ͳͪͬ͠͠ͳͽͲͤͨͱ
͠ʹͳ͜ͱ ͪͪͦͪͤͯͨͣ͠Ͱͮͼͬ ͫͤ ͳͰͻͯͮ ͳ͜ͳͮͨͮ ͽͲͳͤ ͦ ͤͬ͜Ͱͤͨ͢͠ ͬ͠ ͣͨͣͣͤ͠͞ͳͨ͠ Ͳͳͮ ͫ͜Ͳͮ� ͏ͨ ͤͭͨͲͽͲͤͨͱ
ͯͮʹ ͣͨͯͮ͜ʹͬ ͳͮ ͵ͨͬ͠ͻͫͤͬͮ ͠ʹͳͻ ͯͰͮͩͼͯͳͮʹͬ ͯ͠ͻ ͳͮʹͱ ͧͤͫͤͪͨͽͣͤͨͱ ͬͻͫͮʹͱ ͨ͢͠ ͲʹͫͯͨͤͲͳ͛
ͰͤʹͲͳ͛� ͒ʹͩͤͩ͢Ͱͨͫͬ͜͠ ͜Ͳͳ v = v(x, t) ͤͬͨ͞͠ ͳͮ ͯͤͣͮ͞ ͳ͠Ͷʹͳ͝ͳͬ ͤͬͽ ͫͤ p = p(x, t)
ρ = ρ(x, t) S = S(x, t) Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͳͦͬ ͯͤ͞Ͳͦ ͳͦͬ ͯʹͩͬͻͳͦͳ͠ ͩͨ͠ ͳͦͬ ͤͨͣͨͩ͝ ͤͬͳͰͮͯ͞͠
ͳͮʹ ͰͤʹͲͳͮͼ ͬ͠ͳ͞ͲͳͮͨͶ͠� ͓ͻͳͤ ͨͲͶͼͮʹͬ ͮͨ ͩ͠ͻͪͮʹͧͤͱ ͤͭͨͲͽͲͤͨͱ ͪ͡� ͯ�Ͷ� <�>�

͇ ͤͭ͞ͲͲͦ ͩͬͦ͞Ͳͦͱ ͤͬͨ͞͠ ͦ ͤͭ͞ͲͲͦ ͳͮʹ &VMFS

∂v

∂t
+ (v · HSBE )v +

1

ρ
HSBE p = 0,

ͦ ͤͭ͞ͲͲͦ Ͳʹͬ͜Ͷͤͨ͠ͱ ͤͬͨ͞͠
∂ρ

∂t
+ EJW(ρv) = 0,

ͦ ͩ͠ͳ͠Ͳͳ͠ͳͨͩ͝ ͤͭ͞ͲͲͦ
p = f(ρ, S),

ͩͨ͠ ͦ ͣͨ͠͠͡͠ͳͨͩ͝ ʹͯͻͧͤͲͦ
∂S

∂t
+ v · HSBES = 0,

ͻͯͮʹ ͦ f ͯͮʹ ͤͫ͵ͬͥͤ͠͞ͳͨ͠ Ͳͳͦͬ ͩ͠ͳ͠Ͳͳ͠ͳͨͩ͝ ͤͭ͞ͲͲͦ ͤͬͨ͞͠ ͫͨ͠ Ͳʹͬ͛ͰͳͦͲͦ ͯͮʹ ͤͭ͠Ͱͳ͛ͳͨ͠
ͯ͠ͻ ͳͮ ͰͤʹͲͳͻ� ͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ʹͯͮͧ͜ͳͮʹͫͤ ͻͳͨ ͮͨ v p ρ ͩͨ͠ S ͤͬͨ͞͠ ͫͨͩͰ͜ͱ ͣͨ͠ͳ͠Ͱ͠Ͷ͜ͱ ͳͦͱ
Ͳͳ͛Ͳͨͫͦͱ ͩ͠ͳ͛Ͳͳ͠Ͳͦͱ v0 = 0 p0 = Ͳͳͧͤ͠Ͱ͛ ρ0 = Ͳͳͧͤ͠Ͱ͛ ͩͨ͠ S0 = Ͳͳͧͤ͠Ͱ͛ ͮͯͻͳͤ
͢Ͱͫͫͨͩͮͯͮͨͮ͠ͼͫͤ ͩͨ͠ ͩ͠ͳͪͮ͢͠͝ʹͫͤ Ͳͳͦ ͢Ͱͫͫͨͩͮͯͮͨͦͫͬͦ͜͠ ͤͭ͞ͲͲͦ ͳͮʹ &VMFS

∂v

∂t
+

1

ρ0
HSBE p = 0,

Ͳͳͦ ͢Ͱͫͫͨͩͮͯͮͨͦͫͬͦ͜͠ ͤͭ͞ͲͲͦ Ͳʹͬ͜Ͷͤͨ͠ͱ

∂ρ

∂t
+ ρ0 EJWv = 0,

ͩͨ͠ Ͳͳͦ ͢Ͱͫͫͨͩͮͯͮͨͦͫͬͦ͜͠ ͩ͠ͳ͠Ͳͳ͠ͳͨͩ͝ ͤͭ͞ͲͲͦ

∂p

∂t
=

∂f

∂ρ
(ρ0, S0)

∂ρ

∂t
.

�



́ͯͻ ͳͨͱ ͳͰͤͨͱ ͯ͠Ͱͯ͛ͬ͠ ͤͭͨͲͽͲͤͨͱ ͩ͠ͳͪͮ͢͠͝ʹͫͤ Ͳͳͦͬ ͓ͧͦ͛͐͜͜͞ ͙͗͑ͥͫͥ͠

1

c2
∂2p

∂t2
= ∆p,

ͻͯͮʹ ͦ ͳ͠Ͷͼͳͦͳ͠ ͳͮʹ ͩͼͫ͠ͳͮͱ c ͮͰͥͤ͞ͳͨ͠ ͫ͜Ͳ ͳͦͱ ͲͶ͜Ͳͦͱ

c2 =
∂f

∂ρ
(ρ0, S0).

́ͯͻ ͳͦ ͢Ͱͫͫͨͩͮͯͮͨͦͫͬͦ͜͠ ͤͭ͞ͲͲͦ ͳͮʹ &VMFS ͯ͠Ͱ͠ͳͦͰͮͼͫͤ ͻͳͨ ʹͯ͛ͰͶͤͨ ͬ͜͠ ͣʹͬͫͨͩ͠ͻ ͳ͠Ͷͼ�
ͳͦͳ͠ͱ U = U(x, t) ͳ͜ͳͮͨͮ ͽͲͳͤ

v =
1

ρ0
HSBEU

ͩͨ͠
p = −∂U

∂t
.

ͅͼͩͮͪ͠ ͪͯͮ͜͡ʹͫͤ ͻͳͨ ͩͨ͠ ͳͮ ͣʹͬͫͨͩ͠ͻ ͳ͠Ͷͼͳͦͳ͠ͱ ͨͩͬͮͯͮͨͤ͠͞ ͳͦͬ ͩʹͫ͠ͳͨͩ͝ ͤͭ͞ͲͲͦ

∂2U

∂t2
= c2∆U. 	���


́ͬ ͧͤͰ͝Ͳͮʹͫͤ ͻͳͨ ͜Ͷͮʹͫͤ ͶͰͮͬͨͩ͛�͠Ͱͫͮͬͨͩ͛ ͩͮ͠ʹͲͳͨͩ͛ ͩͼͫ͠ͳ͠ ͳͦͱ ͫͮͰ͵͝ͱ

U(x, t) = u(x) e−iωt,

ͫͤ ͩʹͩͪͨͩ͝ ͲʹͶͬͻͳͦͳ͠ ω > 0 ͩͨ͠ ͬ͠ͳͨͩ͠ͳ͠Ͳͳ͝Ͳͮʹͫͤ ͳͦͬ ͩ͜͵Ͱ͠Ͳͦ ͠ʹͳ͝ Ͳͳͦͬ ͩʹͫ͠ͳͨͩ͝
ͤͭ͞ͲͲͦ 	���
 ͜Ͷͮʹͫͤ�

Utt(x, t) = c2∆U(x, t) ⇒ −ω2e−iωtu(x) = c2e−iωt∆u(x),

ͮͯͻͳͤ ͯͪͤ͠͠͞͵ͮͬͳ͠ͱ ͳͮͬ ͻͰͮ ͫͤ ͳͦ ͶͰͮͬͨͩ͝ ͤͭ͛ͰͳͦͲͦ e−iωt ͲʹͫͯͤͰͬͮ͠͞ʹͫͤ ͻͳͨ ͳͮ ͫͨͣͨͩ͢͠ͻ
ͶͰͨͩͻ ͫ͜Ͱͮͱ u ͨͩͬͮͯͮͨͤ͠͞ ͳͦ ͪͤ͢ͻͫͤͬͦ ͓͙͕͟͞͏͙͟ ͓ͧͦ͛͐͜͜͞ ͙͗͑ͥͫͥ͠ ͝ ͙͗͑ͥͫͥ͠ )FMNIPMU[

∆u+ k2u = 0, 	���


ͻͯͮʹ ͳͮ k ͤͬͨ͞͠ ͫͨ͠ ͧͤͳͨͩ͝ Ͳͳͧͤ͠Ͱ͛ ͯͮʹ ͪͤ͜͢ͳͨ͠ ͓͓͚ͧͦͣ͛ͮͤ͜͞͞ ͩͨ͠ ͮͰͥͤ͞ͳͨ͠ ͱ k = ω/c� ͇ ͤͭ͞�
ͲͲͦ 	���
 ͵͜Ͱͤͨ ͳͮ ͻͬͮͫ͠ ͳͮʹ ͤ͢Ͱͫͬͮ͠ͼ ͵ʹͲͨͩͮͼ )FSNBOO -VEXJH 'FSEJOBOE WPO )FMNIPMU[
	����ۗ����
 ͨ͢͠ ͳͨͱ ͲʹͬͤͨͲ͵ͮͰ͜ͱ ͳͮʹ Ͳͳͦ ͫͧͦͫ͠͠ͳͨͩ͝ ͧͤͰ͞͠ ͳͦͱ ͩͮ͠ʹͲͳͨͩ͝ͱ ͩͨ͠ ͳͮʹ ͦͪͤ�
ͩͳͰͮͫͬͦ͢͠ͳͨͲͫͮͼ�

ͫͤ͞ͅͱ Ͳͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͧ͠ ͠ͲͶͮͪͦͧͮͼͫͤ ͫͤ ͳͦͬ ͯͤͰͯ͞ͳͲͦ ͳͦͱ ͫͨ͠ͱ ͶͰͨͩ͝ͱ ͣͨ͛Ͳͳ͠Ͳͦͱ
x ∈ R ͮͯͻͳͤ ͦ ͤͭ͞ͲͲͦ 	���
 ͯ͠͞Ͱͬͤͨ ͳͦͬ ͩ͠ͻͪͮʹͧͦ ͯͪͮ͠ͼͲͳͤͰͦ ͫͮͰ͵͝

u′′(x) + k2u(x) = 0, 	���


�



ͻͯͮʹ ͻͯͱ ͬ͠͠͵͜Ͱͫͤ͠ ͩͨ͠ ͯ͠Ͱͯ͛ͬ͠ ͳͮ k ͤͬͨ͞͠ ͫͨ͠ ͧͤͳͨͩ͝ Ͳͳͧͤ͠Ͱ͛ ͯͮʹ ͪͤ͜͢ͳͨ͠ ͩʹͫ͠ͳ͠�
Ͱͨͧͫͻͱ ͩͨ͠ ͜Ͷͤͨ ͣͨ͛Ͳͳ͠Ͳͦ N−1�

ͅͼͩͮͪ͠ ͪͯͮ͜͡ʹͫͤ ͻͳͨ ͦ ͤͬͨͩ͢͝ ͪͼͲͦ ͳͦͱ ͤͭ͞ͲͲͦͱ 	���
 ͤͬͨ͞͠

u(x) = c1e
ikx + c2e

−ikx. 	���


͇ ͪͼͲͦ ͠ʹͳ͝ ͤͬͨ͞͠ ͯͤͰͨͮͣͨͩ͝ ͣͦͪͣ͠͝ ͨ͢͠ ͩ͛ͧͤ x ͨͲͶͼͤͨ u(x+ λ) = u(x) ͫͤ

λ =
2π

k
. 	���


͇ ͯ͠Ͱ͛ͫͤͳͰͮͱ λ ͪͤ͜͢ͳͨ͠ ͐ͤ͜͞͡ ͓ͯͦͤ͜͞͡� ͯͮͫͬ͜ͅͱ ͮ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ k ͤͩ͵Ͱ͛ͥͤͨ ͳͮͬ ͠Ͱͨͧͫͻ
ͳͬ ͩʹͫ͛ͳͬ ͬ͛͠ kͫͮͬͣͨͮ͠͠͞{ (2π) ͫͩͮ͝ͱ ͩͼͫ͠ͳͮͱ ͪ͡� <��>�

͐͠Ͱ͠ͳ͝ͰͦͲͦ ���� ́ͬ ͧͤͰ͝Ͳͮʹͫͤ ͳͦͬ ͬ͠ͳ͞ͲͳͮͨͶͦ ͶͰͮͬͮͤͭ͠Ͱͳͽͫͤͬͦ ͪͼͲͦ ͳͦͱ ͫͮͬͮͣͨ͛Ͳͳ͠�
ͳͦͱ ͩʹͫ͠ͳͨͩ͝ͱ ͤͭ͞ͲͲͦͱ

∂2U

∂t2
= c2

∂2U

∂x2
,

ͯͮʹ ͤͬͨ͞͠
U(x, t) = c1e

i(kx−ωt) + c2e
−i(kx+ωt),

ͯ͠Ͱ͠ͳͦͰͮͼͫͤ ͻͳͨ ͮ ͯͰͽͳͮͱ ͻͰͮͱ ͯ͠ͰͨͲͳ͛ͬͤͨ ͬ͜͠ ͩͼͫ͠ ͯͮʹ ͳͭͨͣͤ͠ͼͤͨ ͯͰͮͱ ͳ͠ ͣͤͭͨ͛ 	PVUHPJOH
XBWF
 ͤͬͽ ͮ ͣͤͼͳͤͰͮͱ ͻͰͮͱ ͯ͠ͰͨͲͳ͛ͬͤͨ ͬ͜͠ ͩͼͫ͠ ͯͮʹ ͳͭͨͣͤ͠ͼͤͨ ͯͰͮͱ ͳ͠ ͠ͰͨͲͳͤͰ͛ 	JODPNJOH
XBWF
�

��� ˚˾˶̉̒̅̎̈˼ ̉̄̊ ̅̆̄˷̀˳́˶̉̄̇ ̈˺ ˼́˾˱̅˺˾̆̄ ˹˾˱̈̉˼́˶

͓ͮ ͯͰͻͪͦͫ͡͠ ͯͮʹ ͧ͠ ͫͤͪͤͳ͝Ͳͮʹͫͤ Ͳͳͦ ͣͨͯͪͫ͠ͳͨͩ͝ ͠ʹͳ͝ ͤͰ͢͠Ͳ͞͠ ͠͵ͮͰ͛ ͳͦ ͣͨ͛ͣͮͲͦ
ͶͰͮͬͨͩ͛�͠Ͱͫͮͬͨͩͽͬ ͩʹͫ͛ͳͬ ͩ͠ͳ͛ ͫͩͮ͝ͱ ͳͮʹ ͦͫͨ͛ͭͮͬ͠ (0,+∞)� ͒ʹͩͤͩ͢Ͱͨͫͬ͜͠ ͬͥͦ͠͠ͳͮͼͫͤ
ͫͨ͠ Ͳʹͬ͛ͰͳͦͲͦ u ͦ ͮͯͮ͞͠ ͨͩͬͮͯͮͨͤ͠͞ ͳͦͬ ͤͭ͞ͲͲͦ )FMNIPMU[

−u′′(x)− k2u(x) = f(x), x ∈ (0,+∞),

ͻͯͮʹ f ͤͬͨ͞͠ ͫͨ͠ ͣͤͣͮͫͬͦ͜ Ͳʹͬ͛ͰͳͦͲͦ ͯͮʹ ͫͦͣͤͬͥͤ͞ͳͨ͠ ͭ͜ ͯ͠ͻ ͬ͜͠ ͣͨ͛Ͳͳͦͫ͠ ͳͦͱ ͫͮͰ͵͝ͱ
[0, R] ͩͨ͠ ʹͯͮͧ͜ͳͮʹͫͤ ͻͳͨ ͮ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ k ͤͬͨ͞͠ Ͳͳͧͤ͠Ͱͻͱ ͨ͢͠ x > R ͤͬͽ ͳͮʹ ͤͯͨͳͰͯͮ͜ʹͫͤ
ͬ͠ ͫͤͳ͛ͪͪͤ͠͡ͳͨ͠ ͫͤ ͳͮ x Ͳͳͮ ͣͨ͛Ͳͳͦͫ͠ [0, R]� ͏ʹͲͨ͠Ͳͳͨͩ͛ ͤͯͨͳͰͯͮ͜ʹͫͤ Ͳͳͮ ͫ͜Ͳͮͬ ͬ͠ ͤͬͨ͞͠
ͬͮͫͮͨͮͤͬ͢͜͠ͱ Ͳͳͮ ͣͨ͛Ͳͳͦͫ͠ [0, R] ͩͨ͠ ʹͯͮͧ͜ͳͮʹͫͤ ͻͳͨ ͤͬͨ͞͠ ͮͫͮͨͮͤͬ͢͜ͱ ͨ͢͠ x > R�

ͯͨͯͪͮͬ͜ͅ ͧͤͰͮͼͫͤ ͻͳͨ ͦ Ͳʹͬ͛ͰͳͦͲͦ u ͨͩͬͮͯͮͨͤ͠͞ ͮͫͮͤͬ͢͝ Ͳʹͬͧͩͦ͝ %JSJDIMFU Ͳͳͮ ͛ͩͰͮ
x = 0 ͤͬͽ ͧ͠ ͯͰͯͤͨ͜ ͬ͠ ͤͯͨ͛ͪͪͮ͡ʹͫͤ ͩͨ͠ ͫͨ͠ Ͳʹͬͧͩͦ͝ kͲͳͮ ͛ͯͤͨͰͮ{ ͦ ͮͯͮ͞͠ ͬ͠ ͤͭ͠Ͳ͵͠�
ͪͥͤͨ͞ ͻͳͨ ͳ͠ ͩͼͫ͠ͳ͠ ͩͧ͠ͽͱ ͳͮ x → ∞ ͩͨͬͮͼͬͳͨ͠ ͯͰͮͱ ͳ͠ ͣͤͭͨ͛ ͣͦͪͣ͠͝ ͤͬͨ͞͠ ͤͭͤͰͶͻͫͤͬ͠

�



	PVUHPJOH
� ͌ͨ͠ ͩ͠ͳ͛ͪͪͦͪͦ ͯͮͪͼ ͬ͢Ͳͳ͝ ͳ͜ͳͮͨ͠ Ͳʹͬͧͩͦ͝ ͤͬͨ͞͠ ͦ ͪͤ͢ͻͫͤͬͦ ͚͙ͥͧ͐͟͜ ͓ͦ͛͜�

͔͓͑ͤ͟͡͡͝ ͦͧ͡ 4PNNFSGFME ͪ͡� ͯ�Ͷ� <��>

MJN
r→∞

r(d−1)/2(ur − iku) = 0, 	���


ͻͯͮʹ r ͤͬͨ͞͠ ͦ ͩ͠ͳͨͬͨͩ͝ Ͳʹͬͳͤͳͫͬͦ͢͜͠ ͣͦͪͣ͠͝ r = |x| ͻͯͮʹ ͫͤ |x| Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͳͦͬ ͅʹ�
ͩͪͤͣͤͨ͞͠ ͯ͠ͻͲͳ͠Ͳͦ ͳͮʹ x ͯ͠ͻ ͳͦͬ ͠ͰͶ͝ ͳͬ ͭ͠ͻͬͬ ur = ∂u/∂r ͩͨ͠ d ͤͬͨ͞͠ ͦ ͶͰͨͩ͝
ͣͨ͛Ͳͳ͠Ͳͦ 	d = 1, 2 ͝ 3
�

͌ͨ͠ ͯ͠ͻͣͤͨͭͦ ͻͳͨ ͦ Ͳʹͬͧͩͦ͝ 4PNNFSGFME 	���
 ͤͬͨ͞͠ ͯͰ͛ͫ͢͠ͳͨ ͫͨ͠ ͩ͠ͳ͛ͪͪͦͪͦ Ͳʹͬͧͩͦ͝
ͩ͠ͳͨͬͮͮͪ͡͞͠ͱ ͣͬͤ͞ͳͨ͠ Ͳͳͮ ͨͪͮ͡͡͞ ͳͬ $PVSBOU ͩͨ͠ )JMCFSU <�>� ̓ͨ͠ ͳͮ ͬ͠ͳ͞ͲͳͮͨͶͮ ͯͮ͠ͳͪͤ͜Ͳͫ͠
ͨ͢͠ ͳͰͤͨͱ ͤͨͣͨͩ͜ͱ ͯͤͰͨͯͳͽͲͤͨͱ ͲʹͫͫͤͳͰͨͩͽͬ ͩʹͫ͛ͳͬ ͯͮʹ ͤͭ͠Ͱͳͽͬͳͨ͠ ͫͻͬͮͬ ͯ͠ͻ ͳͦͬ ͩ͠ͳͨͬͨͩ͝
Ͳʹͬͳͤͳͫͬͦ͢͜͠ r ͯ͠Ͱͯͫͯͮ͜͠ʹͫͤ Ͳͳͮ ͨͪͮ͡͡͞ ͳͮʹ (JWPMJ <�� Ͳͤͪ� ��ۗ��>� ͒ʹͩͤͩ͢Ͱͨͫͬ͜͠ ͤͩͤ͞
ͫͯͮͰͤ͞ ͩͬͤ͠͞ͱ ͬ͠ ͬ͠͠ͳͰͭͤͨ͜ ͨ͢͠ ͳͦͬ ͯ͠ͻͣͤͨͭͦ ͻͳͨ ͦ Ͳʹͬͧͩͦ͝ 4PNNFSGFME ͤͬͨ͞͠ ͫͨ͠ ͩ͠ͳ͛ͪͪͦͪͦ
Ͳʹͬͧͩͦ͝ ͩ͠ͳͨͬͮͮͪ͡͞͠ͱ Ͳͳͨͱ ͩ͠ͻͪͮʹͧͤͱ ͯͤͰͨͯͳͽͲͤͨͱ

ۦ ͨ͢͠ ͖͓͗͑͗͢͢ ͩͼͫ͠ͳ͠ (d = 1)�

u = c1 e
ikr + c2 e

−ikr,

ۦ ͨ͢͠ ͓͎ͥͧ͗ͦͣ͛͟͜͠͡͡͞͞ ͖͎ͧ͛ͣ͛͜͟͜͝ ͩͼͫ͠ͳ͠ (d = 2)�

u = c1H
(1)
0 (kr) + c2H

(2)
0 (kr),

ͻͯͮʹ ͤͣͽH(1)
0 ͩͨ͠H(2)

0 ͤͬͨ͞͠ ͮͨ Ͳʹͬ͠Ͱͳ͝Ͳͤͨͱ )BOLFM ͯͰͽͳͮʹ ͩͨ͠ ͣͤʹͳ͜Ͱͮʹ ͤͣͮ͞ʹͱ ͬ͠ͳ͞�
ͲͳͮͨͶ͠ ͪ͡� ͯ�Ͷ� <� $I� �>

ۦ ͩͨ͠ ͨ͢͠ ͓͎ͥͨ͛ͣ͛͜ ͎ͥͧ͗ͦͣ͛͜͞͞ ͩͼͫ͠ͳ͠ (d = 3)

u =
1

r

(
c1 e

ikr + c2 e
−ikr

)
.

ͨͣͨͩͅͻͳͤͰ͠ ͨ͢͠ ͳͦͬ ͯͤͰͯ͞ͳͲͦ ͳͦͱ ͫͨ͠ͱ ͶͰͨͩ͝ͱ ͣͨ͛Ͳͳ͠Ͳͦͱ (d = 1) ͦ Ͳʹͬͧͩͦ͝ ͩ͠ͳͨͬͮͮ͡�
ͪ͞͠ͱ 4PNNFSGFME ͯ͠͞Ͱͬͤͨ ͳͦ ͫͮͰ͵͝

u′(x)− iku(x) = 0, ͩͧ͠ͽͱ x → ∞. 	���


͓ͽͰ͠ ͬ͠ ͬ͠ͳͨͩ͠ͳ͠Ͳͳ͝Ͳͮʹͫͤ ͳͦ ͤͬͨͩ͢͝ ͪͼͲͦ 	���
 ͳͦͱ ͮͫͮͤͬͮ͢ͼͱ ͤͭ͞ͲͲͦͱ )FMNIPMU[ 	ͫͤ k
Ͳͳͧͤ͠Ͱͻ
 Ͳͳͦͬ ͯ͠Ͱͯ͛ͬ͠ ͲͶ͜Ͳͦ ͜Ͷͮʹͫͤ�

u′(x)− iku(x) = ikc1e
ikx − ikc2e

−ikx − ik
(
c1e

ikx + c2e
−ikx

)

= −2ik c2 e
−ikx.

��



̸Ͱ͠ ͦ Ͳʹͬͧͩͦ͝ 4PNNFSGFME ͫ͠ͱ ͤͭ͠Ͳ͵ͪͥͤͨ͠͞ ͻͳͨ c2 = 0� ͓ͮ ͨͣͨ͠͞ͳͤͰͮ Ͷ͠Ͱͩ͠ͳͦͰͨͲͳͨͩͻ ͯͮʹ
ͨͲͶͼͤͨ ͻͫͱ ͫͻͬͮ ͨ͢͠ ͳͦͬ ͯͤͰͯ͞ͳͲͦ ͳͦͱ ͫͨ͠ͱ ͣͨ͛Ͳͳ͠Ͳͦͱ (d = 1) ͤͬͨ͞͠ ͻͳͨ ͮ ͻͰͮͱ ͫͤ ͳͦ Ͳͳ͠�
ͧͤͰ͛ c1 ͯͪͤ͠͠͞͵ͧͦͩͤ ͯͰͨͬ ͩ͠ͻͫͦ ͯ͛Ͱͮʹͫͤ ͳͮ ͻͰͨͮ ͨ͢͠ x → +∞� ͯͮͫͬ͜ͅͱ ͯͰͮͩͼͯͳͤͨ ͻͳͨ ͦ
	���
 ͨͲͶͼͤͨ ͻͶͨ ͫͻͬͮͬ ͩͧ͠ͽͱ ͳͮ x → +∞ ͪͪ͛͠ ͩͨ͠ Ͳͤ ͩ͛ͧͤ ͯͤͯͤͰ͠Ͳͫͬͮ͜ x� ́ͩͰͨ͜͡ͲͳͤͰ͠ ͬ͠
ʹͯ͛ͰͶͤͨ ͬ͜͠ͱ ͠Ͱͨͧͫͻͱ R ͳ͜ͳͮͨͮͱ ͽͲͳͤ ͮ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ k ͬ͠ ͤͬͨ͞͠ Ͳͳͧͤ͠Ͱͻͱ Ͳͳͮ ͦͫͨ͛ͯͤͨͰͮ
ͣͨ͛Ͳͳͦͫ͠ x ≥ R ͳͻͳͤ ͳ͠ ͓͗͗ͣͩͮ͗͟͠͞ ͩͼͫ͠ͳ͠ eikx ͨͩͬͮͯͮͨͮ͠ͼͬ ͳͦ ͲͶ͜Ͳͦ u′(x) − iku(x) Ͳͤ
ͩ͛ͧͤ x ≥ R�

͒ʹͬͮͷͥͮͬ͞ͳ͠ͱ ͳͮ ͯͰͻͪͦͫ͡͠ ͯͮʹ ͧ͠ ͫͤͪͤͳ͝Ͳͮʹͫͤ ͤͬͨ͞͠ ͳͮ ͩ͠ͻͪͮʹͧͮ� ́ͬͥͦ͠ͳͮͼͫͤ ͫͨ͠ u

ͯͮʹ ͨͩͬͮͯͮͨͤ͠͞ 




−u′′(x)− k2u(x) = f(x), x ∈ (0,+∞),

u(0) = 0,

u ͤͭͤͰͶͻͫͤͬͦ ͩͧ͠ͽͱ x → +∞.

	���


ͯͨͯͪͮͬ͜ͅ ʹͯͮͧ͜ͳͮʹͫͤ ͻͳͨ ͦ Ͳʹͬ͛ͰͳͦͲͦ f ͤͬͨ͞͠ ͲʹͬͤͶ͝ͱ 	͝ ͤͬͨͩ͢ͻͳͤͰ͠ ͳͤͳͰͬͨͩ͛͢͠ ͮͪͮ�
ͩͪͦͰͽͲͨͫͦ
 ͩͨ͠ ͻͳͨ ʹͯ͛ͰͶͤͨ ͬ͜͠ͱ ͠ͰͨͧͫͻͱR > 0 ͳ͜ͳͮͨͮͱ ͽͲͳͤ ͦ f ͬ͠ ͫͦͣͤͬͥͤ͞ͳͨ͠ ͨ͢͠ x > R
ͩͨ͠ ͮ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ k ͬ͠ ͤͬͨ͞͠ Ͳͳͧͤ͠Ͱͻͱ ͨ͢͠ x > R ͤͬͽ ͳͮʹ ͤͯͨͳͰͯͮ͜ʹͫͤ ͬ͠ ͫͤͳ͛ͪͪͤ͠͡ͳͨ͠
Ͳͳͮ ͣͨ͛Ͳͳͦͫ͠ [0, R] ͪ͡� ͒Ͷͫ͝͠ ���� ͒ʹͩͤͩ͢Ͱͨͫͬ͜͠ ʹͯͮͧ͜ͳͮʹͫͤ ͻͳͨ P ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ k ͯͤͰͨ�
͢Ͱ͛͵ͤͳͨ͠ ͯ͠ͻ ͳͦͬ ͩ͠ͻͪͮʹͧͦ ͲʹͬͤͶ͝ Ͳʹͬ͛ͰͳͦͲͦ�

k(x) =

{
kb(x), ͨ͢͠ x ∈ [0, R],

kR = Ͳͳͧ͠�, ͨ͢͠ x > R.
	���


x ! +1

x = 0 x = R

k = kb(x) k = kR

f

͒Ͷͫ͝͠ ���� ͒Ͷͦͫ͠ͳͨͩ͝ ͬͯ͠͠͠Ͱ͛Ͳͳ͠Ͳͦ ͳͮʹ ͦͫͨ͛ͯͤͨͰͮʹ ͶͰͮ͞ʹ�

͒ͳͦͬ ͤͯͻͫͤͬͦ ͯ͠Ͱ͛͢Ͱ͠͵ͮ ͧ͠ ͣͮͼͫͤ ͳͦͬ ͬͪ͠͠ʹͳͨͩ͝ ͪͼͲͦ ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͮͱ ͠ʹͳͮͼ Ͳͳͦͬ
ͯͤͰͯ͞ͳͲͦ ͯͮʹ ͮ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ k ͤͬͨ͞͠ Ͳͳͧͤ͠Ͱͻͱ ͨ͢͠ ͩ͛ͧͤ x > 0�

��



��� ˗̂˶̀̊̉˾˿˳ ̀̒̈˼ ̉̄̊ ̅̆̄˷̀˳́˶̉̄̇ ˸˾˶ ̈̉˶˽˺̆̑ k� ˝ ˲̂̂̄˾˶ ̉˼̇

̈̊̂˱̆̉˼̈˼̇ (SFFO

͈ͤͰͮͼͫͤ ͳͮ ͯͰͻͪͦͫ͡͠





−u′′(x)− k2u(x) = f(x), x > 0,

u(0) = 0,

MJNx→+∞ u′(x)− iku(x) = 0,

	����


ͻͯͮʹ ͳͽͰ͠ ͧͤͰͮͼͫͤ ͻͳͨ ͮ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ k ͤͬͨ͞͠ Ͳͳͧͤ͠Ͱͻͱ ͤͬͽ ͨ͢͠ ͳͦͬ f ʹͯͮͧ͜ͳͮʹͫͤ ͻͳͨ
ͤͬͨ͞͠ ͲʹͬͤͶ͝ͱ ͩͨ͠ ͻͳͨ ʹͯ͛ͰͶͤͨ ͬ͜͠ͱ ͠Ͱͨͧͫͻͱ R > 0 ͳ͜ͳͮͨͮͱ ͽͲͳͤ ͦ f ͬ͠ ͫͦͣͤͬͥͤ͞ͳͨ͠ ͨ͢͠
x > R� ̓ͨ͠ ͬ͠ ͪͼͲͮʹͫͤ ͳͮ ͯͰͻͪͦͫ͡͠ ͠ʹͳͻ ͨ͢͠ ͮͯͮͨͮͣͯͮ͝ͳͤ ͣͤͼͳͤͰͮ ͫͪͮ͜ͱ f  ͫͯͮͰͮͼͫͤ ͬ͠
ͶͰͦͲͨͫͮͯͮͨ͝Ͳͮʹͫͤ ͳͦ ͪͤ͢ͻͫͤͬͦ Ͳʹͬ͛ͰͳͦͲͦ (SFFO� ͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͧ͠ ͣͽͲͮʹͫͤ ͫͨ͠ ͣͨͨ͠Ͳͧͦ�
ͳͨͩ͝ ͩͨ͠ ͶͰ͞ͱ ͨͣͨ͠͞ͳͤͰͦ ͫͧͦͫ͠͠ͳͨͩ͝ ͠ʹͲͳͦͰͻͳͦͳ͠ ͯ͠ͰͮʹͲ͞͠Ͳͦ ͳͬ ͡͠Ͳͨͩͽͬ ͤͬͬͮͨͽͬ ͳͦͱ
Ͳʹͬ͛ͰͳͦͲͦͱ (SFFO ͩͮͪͮ͠ʹͧͽͬͳ͠ͱ ͳͮ ͨͪͮ͡͡͞ ͳͮʹ 3PBDI <��>�

́ͱ ʹͯͮͧ͜Ͳͮʹͫͤ ͪͮͨͯͻͬ ͻͳͨ ʹͯ͛ͰͶͤͨ ͫͨ͠ Ͳʹͬ͛ͰͳͦͲͦ G(x, y) ͯͮʹ ͧ͠ ͳͦͬ ͯͮͩͪͮ͠͠ͼͫͤ Ͳʹ�
ͬ͛ͰͳͦͲͦ ͳͮʹ (SFFO ͫͤ ͳͨͱ ͩ͠ͻͪͮʹͧͤͱ ͨͣͨͻͳͦͳͤͱ�

�� ͇ G ͨͩͬͮͯͮͨͤ͠͞ ͳͦͬ ͬ͠ͳ͞ͲͳͮͨͶͦ ͮͫͮͤͬ͢͝ ͣͨ͠͵ͮͰͨͩ͝ ͤͭ͞ͲͲͦ ͣͦͪͣ͠͝ G′′ + k2G = 0 Ͳͤ
ͩͧͬ͜͠͠ ͯ͠ͻ ͳ͠ ͣͨ͠Ͳͳͫ͝͠ͳ͠ 0 ≤ x < y ͩͨ͠ x > y�

�� ͇ Ͳʹͬ͛ͰͳͦͲͦ G ͤͬͨ͞͠ ͲʹͬͤͶ͝ͱ Ͳͳͮ x = y ͣͦͪͣ͠͝

MJN
x→y−

G(x, y) = MJN
x→y+

G(x, y).

�� ͇ ͯ͠Ͱ͛ͮ͢͢ͱ ͳͦͱ G ͱ ͯͰͮͱ x ͯ͠ͰͮʹͲͨ͛ͥͤͨ ͬ͜͠ ͛ͪͫ͠ ͠Ͳʹͬ͜Ͷͤͨ͠ͱ Ͳͳͮ x = y� ͒ʹͩͤ͢�
ͩͰͨͫͬ͜͠

MJN
x→y+

G′(x, y)− MJN
x→y−

G′(x, y) = −1.

�� ͇ Ͳʹͬ͛ͰͳͦͲͦ G(x, y) ͨͩͬͮͯͮͨͤ͠͞ ͳͦ ͲʹͬͮͰͨͩ͠͝ Ͳʹͬͧͩͦ͝ Ͳͳͮ x = 0 ͩͨ͠ ͳͦ Ͳʹͬͧͩͦ͝
ͩ͠ͳͨͬͮͮͪ͡͞͠ͱ Ͳͳͮ +∞�

�� ͇ Ͳʹͬ͛ͰͳͦͲͦ G ͤͬͨ͞͠ ͲʹͫͫͤͳͰͨͩ͝ ͣͦͪͣ͠͝ G(x, y) = G(y, x)�

́ͬ ʹͯͮͧ͜Ͳͮʹͫͤ ͪͮͨͯͻͬ ͻͳͨ ʹͯ͛ͰͶͤͨ ͫͨ͠ Ͳʹͬ͛ͰͳͦͲͦ (SFFO ͯͮʹ ͨͩͬͮͯͮͨͤ͠͞ ͳͨͱ ͯͬ͜ͳͤ ͠ʹͳ͜ͱ
ͨͣͨͻͳͦͳͤͱ ͧ͠ ͯͰͮͲͯͧ͠͝Ͳͮʹͫͤ ͬ͠ ͪͼͲͮʹͫͤ ͳͮ ͯͰͻͪͦͫ͡͠ 	����
� ̓ͨ͠ ͳͮͬ Ͳͩͮͯͻ ͠ʹͳͻ ͯͮͪͪ͠�
ͯͪ͠Ͳͨ͛ͥͮʹͫͤ ͩͨ͠ ͳ͠ ͣͼͮ ͫͪͦ͜ ͳͦͱ ͤͭ͞ͲͲͦͱ ͫͤ G(x, y) ͩͨ͠ ͮͪͮͩͪͦͰͽͬͮʹͫͤ ͱ ͯͰͮͱ x ͯ͠ͻ 0
͜ͱ +∞� ∫ +∞

0

(
− u′′(x)− k2u(x)

)
G(x, y) dx =

∫ +∞

0

f(x)G(x, y) dx 	����


��



͓ͮ ͫͻͬͮ ͯͰ͛ͫ͢͠ ͯͮʹ ͧ͠ ʹͯͮͧ͜Ͳͮʹͫͤ ͨ͢͠ ͳͦ ͲʹͫͯͤͰͨ͵ͮͰ͛ ͳͦͱ G ͤͬͨ͞͠ ͻͳͨ ͫͯͮͰͤ͞ ͬ͠ ͯ͠�
ͰͮʹͲͨ͛ͥͤͨ ͯͰͮͪͫ͡͝͠ͳ͠ ͩͧ͠ͽͱ ͳͮ x ͳͤͬͤͨ͞ Ͳͳͮ y� ͯͮͫͬ͜ͅͱ ͫͨ͠ͱ ͩͨ͠ ͳ͠ ͮͪͮͩͪͦͰͽͫ͠ͳ͠ ͯͮʹ
ͤͫ͵ͬͥͮͬ͠͞ͳͨ͠ Ͳͳͦͬ 	����
 ͫͯͮͰͤ͞ ͬ͠ ͤͬͨ͞͠ ͤͬͨͩͤ͢ʹͫͬ͜͠ 	JNQSPQFS
 ͤͭͨ͠Ͱͮͼͫͤ ͳͮ x = y ͯ͠ͻ ͳͮ
ͣͨ͛Ͳͳͦͫ͠ ͮͪͮͩͪ͝ͰͲͦͱ ͩͨ͠ ͢Ͱ͛͵ͮʹͫͤ�

∫ +∞

0

(
− u′′(x)− k2u(x)

)
G(x, y) dx

= MJN
ξ→y−

∫ ξ

0

(
− u′′(x)− k2u(x)

)
G(x, y) dx

+ MJN
η→y+

∫ +∞

η

(
− u′′(x)− k2u(x)

)
G(x, y) dx. 	����


ͭͤͅͳ͛ͥͮʹͫͤ ͩͧͬ͜͠͠ ͯ͠ͻ ͳ͠ ͣͼͮ ͮͪͮͩͪͦͰͽͫ͠ͳ͠ Ͳͳͮ ͣͤͭ͞ ͫͪͮ͜ͱ ͳͦͱ 	����
 ͭͤͶͰͨͲͳ͛ ͩͨ͠ ͮͪͮ�
ͩͪͦͰͽͬͮʹͫͤ ͣͼͮ ͵ͮͰ͜ͱ ͩ͠ͳ͛ ͫ͜Ͱͦ ͤͯͮͫͬ͜ͱ ͜Ͷͮʹͫͤ

∫ ξ

0

(
− u′′ − k2u

)
G(x, y) dx

= −
[
u′G

]ξ
0
+

∫ ξ

0

u′G′(x, y) dx−
∫ ξ

0

k2uG(x, y) dx

= −
[
u′G

]ξ
0
+
[
uG′

]ξ
0
−

∫ ξ

0

uG′′(x, y) dx−
∫ ξ

0

k2uG(x, y) dx

=
[
− u′G+ uG′

]ξ
0
+

∫ ξ

0

u
(
−G′′(x, y)− k2G(x, y)︸ ︷︷ ︸

=0

)
dx.

͓ͮ ͮͪͮͩͪ͝Ͱͫ͠ ͯͮʹ ͤͫ͵ͬͥͤ͠͞ͳͨ͠ Ͳͳͮ ͣͤͭ͞ ͫͪͮ͜ͱ ͫͦͣͤͬͥͤ͞ͳͨ͠ ͫͨ͠ͱ ͩͨ͠ ͜Ͷͮʹͫͤ ʹͯͮͧ͜Ͳͤͨ ͻͳͨ
ͦ G(x, y) ͨͩͬͮͯͮͨͤ͠͞ ͱ Ͳʹͬ͛ͰͳͦͲͦ ͳͮʹ x ͳͦͬ ͮͫͮͤͬ͢͝ ͤͭ͞ͲͲͦ )FMNIPMU[ Ͳͳͮ ͣͨ͛Ͳͳͦͫ͠
0 ≤ x ≤ ξ� ̸Ͱ͠

∫ ξ

0

(
− u′′ − k2u

)
G(x, y) dx =

[
− u′G+ uG′

]ξ
0
.

ͬͅͳͤͪͽͱ ͬ͛ͪͮ͢͠͠ ͫͯͮͰͮͼͫͤ ͬ͠ ͣͤͭͮ͞ʹͫͤ ͻͳͨ�
∫ +∞

η

(
− u′′ − k2u

)
G(x, y) dx =

[
− u′G+ uG′

]+∞

η

= MJN
$→+∞

[
− u′G+ uG′

]$
η
.

��



́ͬͳͨͩͧͨ͠Ͳͳͮͼͫͤ ͳͮʹͱ ͻͰͮʹͱ ͠ʹͳͮͼͱ Ͳͳͦͬ 	����
 ͩͨ͠ ͜Ͷͮʹͫͤ
∫ +∞

0

f(x)G(x, y) dx =
[
− u′G+ uG′

]ξ
0
+
[
− u′G+ uG′

]+∞

η

= −u′(y−)G(y−, y) + u(y−)G′(y−, y) + u′(0) G(0, y)︸ ︷︷ ︸
=0

− u(0)︸︷︷︸
=0

G′(0, y)

− MJN
$→+∞

(
u′(')G(', y)

)
+ MJN

$→+∞

(
u(')G′(', y)

)

+ u′(y+)G(y+, y) + u(y+)G′(y+, y)

͏ͨ ͻͰͮͨ ͯͮʹ ͲͦͫͤͨͽͲͫͤ͠ ͬ͠ ͫͦͣͤͬͥͮͬ͞ͳͨ͠ Ͳͳͦͬ ͯ͠Ͱͯ͛ͬ͠ ͲͶ͜Ͳͦ ͫͦͣͤͬͥͮͬ͞ͳͨ͠ ͪͻ͢ ͳͦͱ
ͲʹͬͮͰͨͩ͠͝ͱ Ͳʹͬͧͩͦ͝ͱ Ͳͳͮ x = 0 ͳͦͬ ͮͯͮ͞͠ ͨͩͬͮͯͮͨͤ͠͞ ͳͻͲͮ ͦ u ͻͲͮ ͩͨ͠ ͦ G� ͯ͞ͅͲͦͱ ͣͤ�
ͣͮͫͬͮ͜ʹ ͻͳͨ ͦ u ͤͬͨ͞͠ ͩͪ͠ͲͲͨͩ͝ ͪͼͲͦ ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͮͱ 	����
 ͧ͠ ͯͰͯͤͨ͜ ͬ͠ ͤͬͨ͞͠ ͣͼͮ ͵ͮͰ͜ͱ
ͲʹͬͤͶͽͱ ͯ͠Ͱ͢͢͠͞Ͳͨͫͦ ͛Ͱ͠

u(y−) = u(y+) = u(y) ͩͨ͠ u′(y−) = u′(y+) = u′(y).

ͯͨͯͪͮͬ͜ͅ ͳͻͲͮ ͦ u ͻͲͮ ͩͨ͠ ͦ G ͨͩͬͮͯͮͨͮ͠ͼͬ ͳͦ Ͳʹͬͧͩͦ͝ ͩ͠ͳͨͬͮͮͪ͡͞͠ͱ Ͳͳͮ +∞ Pͯͻͳͤ ͦ
ͯͰͮͦͮ͢ͼͫͤͬͦ ͲͶ͜Ͳͦ ͯͪͮͯͮͨͤ͠͞ͳͨ͠ ͱ ͤͭ͝ͱ�

∫ +∞

0

f(x)G(x, y) dx =u′(y)
[
G(y+, y)−G(y−, y)︸ ︷︷ ︸

=0

]

− u(y)
[
G′(y+, y)−G′(y−, y)︸ ︷︷ ︸

=−1

]

− MJN
$→+∞

{[
u′(')− iku(')

]
G(', y)

}

︸ ︷︷ ︸
=0

=u(y).

ͯͮͫͬ͜ͅͱ ͫͤ ͛͡Ͳͦ ͳͮʹͪ͛ͶͨͲͳͮͬ ͳͮʹͱ ͯ͠Ͱͯ͛ͬ͠ ͳʹͯͨͩͮͼͱ 	GPSNBM
 ʹͯͮͪͮͨ͢Ͳͫͮͼͱ ͩ͠ͳͪ͠͝�
ͮ͢ʹͫͤ ͻͳͨ ͬ͠ ͬ͢Ͱͥͮ͞ʹͫͤ ͳͦ Ͳʹͬ͛ͰͳͦͲͦ (SFFO ͳͻͳͤ ͦ ͪͼͲͦ ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͮͱ 	����
 ͣͬͤ͞ͳͨ͠
ͯ͠ͻ ͳͮͬ ͳͼͯͮ�

u(y) =

∫ +∞

0

f(x)G(x, y) dx. 	����


͏ͨ ͳʹͯͨͩͮ͞ ʹͯͮͪͮͨ͢Ͳͫͮ͞ ͯͮʹ ͩ͛ͬͫͤ͠ ͯ͠Ͱͯ͛ͬ͠ ͤͫͯͤͰͨ͜Ͷͮʹͬ ͬ͜͠ ͪͤͯͳͻ Ͳͦͫͤͮ͞� ͣͫͤ͞͠ͅ ͻͳͨ
Ͳʹͬ͛ͰͳͦͲͦ (SFFO ͨͩͬͮͯͮͨͤ͠͞ G′′ + k2G = 0 ͨ͢͠ 0 ≤ x < y ͩͧ͠ͽͱ ͩͨ͠ ͨ͢͠ x > y� ͯ͞ͅͲͦͱ
ͤͣͫͤ͞͠ ͻͳͨ

u(y) =

∫ +∞

0

f(x)G(x, y) dx = −
∫ +∞

0

(
u′′(x) + k2u(x)

)
G(x, y) dx.

��



́ͬ ͮͪͮͩͪͦͰͽͲͮʹͫͤ ͳͮ ͣͤͭ͞ ͫͪͮ͜ͱ ͳʹͯͨͩ͛ ͣͼͮ ͵ͮͰ͜ͱ ͩ͠ͳ͛ ͫ͜Ͱͦ ͩͨ͠ ͶͰͦͲͨͫͮͯͮͨ͝Ͳͮʹͫͤ ͳͦ
ͲʹͬͮͰͨͩ͠͝ Ͳʹͬͧͩͦ͝ Ͳͳͮ x = 0 ͩͨ͠ ͳͦ Ͳʹͬͧͩͦ͝ ͩ͠ͳͨͬͮͮͪ͡͞͠ͱ Ͳͳͮ +∞ ͧ͠ ͩ͠ͳͪͭͮ͠͝ʹͫͤ ͻͳͨ

u(y) = −
∫ +∞

0

(
G′′(x, y) + k2G(x, y)

)
u(x) dx. 	����


́ͯͻ ͳͦ ͫͨ͠ ͫͤͰͨ͛ ͜Ͷͮʹͫͤ ͣͦ͝ ͯ͠Ͱ͠ͳͦͰ͝Ͳͤͨ ͻͳͨ ͦ G′′ + k2G ͤͬͨ͞͠ ͫͦͣͬ͜ ͯͬ͠ͳͮͼ ͤͩͳͻͱ ͞Ͳͱ
ͯ͠ͻ ͳͮ x = y ͤͬͽ ͯ͠ͻ ͳͦͬ ͛ͪͪͦ ͦ 	����
 ͤͬͨ͞͠ ͫͨ͠ ͳʹͯͨͩ͝ ͬͯ͠͠͠Ͱ͛Ͳͳ͠Ͳͦ ͳͦͱ u Ͳͳͮ Ͳͦͫͤͮ͞
x = y� ͬͨ͞͠ͅ ͪͮͨͯͻͬ ͯͰͮ͵ͬ͜͠ͱ ͻͳͨ ͦ G′′ + k2G ͣͤͬ ͫͯͮͰͤ͞ ͬ͠ ͤͬͨ͞͠ ͫͨ͠ Ͳʹͬ͛ͰͳͦͲͦ ͫͤ ͳͦ
Ͳʹͬͧͦ͝ ͬͬͮͨ͜͠�

̓ͨ͠ ͬ͠ ͯͮͩ͠ͳ͝Ͳͮʹͬ ͠ʹͲͳͦͰ͝ ͫͧͦͫ͠͠ͳͨͩ͝ ʹͯͻͲͳ͠Ͳͦ ͳ͠ ͯ͠Ͱͯ͛ͬ͠ ͶͰͤͨ͛ͥͤͳͨ͠ ͬ͠ ͩ͠ͳ͠�
͵ͼͮ͢ʹͫͤ Ͳͳͦ ͧͤͰ͞͠ ͳͬ ͩ͠ͳͬͮͫ͠ͽͬ 	UIFPSZ PG EJTUSJCVUJPOT
� ̓ͨ͠ ͳͨͱ ͩ͠ͳͬͮͫ͜͠ͱ ͫͯͮͰͮͼͫͤ
ͬ͠ ͯͮͼͫͤ ͻͳͨ ͤͬͨ͞͠ ͲʹͬͤͶ͝ ͢Ͱͫͫͨͩ͛͠ Ͳʹͬ͠ͰͳͦͲͮͤͨͣ͝ ͯͮʹ ͣͰͮʹͬ ͯ͛ͬ Ͳͳͨͱ ͪͤ͢ͻͫͤͬͤͱ ͣͮ�
ͩͨͫ͠Ͳͳͨͩ͜ͱ Ͳʹͬ͠Ͱͳ͝Ͳͤͨͱ 	UFTU GVODUJPOT
� ͒ͤ ͲͶ͜Ͳͦ ͫͤ ͳͦͬ ͯͰͮͦͮ͢ͼͫͤͬͦ ͯ͠Ͱ͠ͳ͝ͰͦͲͦ Ͳͳͦͬ
ͯͰͫ͢͠͠ͳͨͩͻͳͦͳ͠ ͨͲͶͼͤͨ ͻͳͨ−G′′(x, y)−k2G(x, y) = δ(x−y) ͫͤ ͳͦͬ ͬͬͮͨ͜͠ ͳͬ ͩ͠ͳͬͮͫ͠ͽͬ
ͻͯͮʹ ͦ δ(·) ͤͬͨ͞͠ ͫͨ͠ ͩ͠ͳͬͮͫ͠͝ ͯͮʹ ͮͬͮͫ͛ͥͤͳͨ͠ kͲʹͬ͛ͰͳͦͲͦ{ δ ͳͮʹ %JSBD� ͇ kͲʹͬ͛ͰͳͦͲͦ{
%JSBD ͜Ͷͤͨ ͳͨͱ ͩ͠ͻͪͮʹͧͤͱ ͨͣͨͻͳͦͳͤͱ�

δ(t) = 0, ͨ͢͠ t (= 0,
∫ ε

−ε

δ(s) ds = 0, ͨ͢͠ ͩ͛ͧͤ ε > 0,
∫ ∞

−∞
φ(s)δ(s) ds = φ(0),

ͨ͢͠ ͩ͛ͧͤ ͠Ͱͩͮͼͬͳͱ ͮͫͪ͠͝ ͣͮͩͨͫ͠Ͳͳͨͩ͝ Ͳʹͬ͛ͰͳͦͲͦ φ ͣͦͪͣ͠͝ ͨ͢͠ ͩ͛ͧͤ Ͳʹͬ͛ͰͳͦͲͦ φ ͯͮʹ
ͤͬͨ͞͠ ͛ͯͤͨͰͤͱ ͵ͮͰ͜ͱ ͲʹͬͤͶͽͱ ͯ͠Ͱ͢͢͠͞Ͳͨͫͦ ͫͤ Ͳʹͫͯ͢͠͝ ͵ͮͰ͜͠ 	ͣͦͪͣ͠͝ ͯͮʹ ͫͦͣͤͬͥͤ͞ͳͨ͠
ͭ͜ ͯ͠ͻ ͬ͜͠ ͩͪͤͨͲͳͻ ͩͨ͠ ͵Ͱͫͬͮ͢͜͠ ͣͨ͛Ͳͳͦͫ͠
� ̓ͨ͠ ͫͨ͠ Ͳͼͬͳͮͫͦ ͤͨͲ͢͢͠͝ Ͳͳͦ ͧͤͰ͞͠ ͳͬ
ͩ͠ͳͬͮͫ͠ͽͬ ͯ͠Ͱͯͫͯͮ͜͠ʹͫͤ Ͳͳͮ ͨͪͮ͡͡͞ ͳͮʹ -PHBO<��> ͩͨ͠ ͨ͢͠ ͯͤͰͨͲͲͻͳͤͰͤͱ ͯͪͦͰͮ͵ͮͰͤ͞ͱ
Ͳͳͮ ͨͪͮ͡͡͞ ͳͮʹ 4UBLHPME <��>�

͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͧ͠ ͤ͵͠ͰͫͻͲͮʹͫͤ ͩ͛ͯͮͨͤͱ ͯ͠ͻ ͳͨͱ ͡͠Ͳͨͩ͜ͱ ͨͣͤ͜ͱ ͯͮʹ ͤͣͫͤ͞͠ ͨ͢͠ ͳͦ Ͳʹͬ͛Ͱ�
ͳͦͲͦ (SFFO ͨ͢͠ ͬ͠ ͡Ͱͮͼͫͤ ͳͦͬ ͬͪ͠͠ʹͳͨͩ͝ ͪͼͲͦ ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͮͱ 	����
� ̈́ͤͬ ͤͬͨ͞͠ ͣͼͲͩͮͪͮ
ͬ͠ ͤͯͨͤͨ͡͡͠ͽͲͮʹͫͤ ͻͳͨ ͦ Ͳʹͬ͛ͰͳͦͲͦ

G∞(x, y) =
i

2k
eik|x−y|,

ͤͬͨ͞͠ ͦ Ͳʹͬ͛ͰͳͦͲͦ (SFFO ͨ͢͠ ͳͦͬ ͤͭ͞ͲͲͦ )FMNIPMU[ Ͳͤ ͮͪͻͩͪͦͰͦ ͳͦͬ ͤʹͧͤ͞͠ (−∞,+∞)

ͫͤ Ͳʹͬͧͩͤ͝ͱ ͤͭͤͰͶͻͫͤͬͦͱ ͩ͠ͳͨͬͮͮͪ͡͞͠ͱ� ͂ͤ͡͠͞ͱ ͛ͫͤͲ͠ ͫͯͮͰͮͼͫͤ ͬ͠ ͣͨͯͨ͠ͲͳͽͲͮʹͫͤ ͻͳͨ ͦ
G∞ ͣͤͬ ͨͩͬͮͯͮͨͤ͠͞ ͳͦ ͲʹͬͮͰͨͩ͠͝ Ͳʹͬͧͩͦ͝ Ͳͳͮ x = 0� ͌ͯͮͰͮͼͫͤ ͻͫͱ ͬ͠ ͶͰͦͲͨͫͮͯͮͨ͝Ͳͮʹͫͤ
ͬ͜͠ ͳ͜Ͷͬ͠Ͳͫ͠ ͯͮʹ ͤͩͫͤͳͪͪͤ͠ͼͤͳͨ͠ ͳͦ ͲʹͫͫͤͳͰ͞͠ ͨ͢͠ ͬ͠ ͡Ͱͮͼͫͤ ͳͦ Ͳʹͬ͛ͰͳͦͲͦ (SFFO Ͳͳͮ

��



ͦͫͨ͛ͯͤͨͰͮ ͣͨ͛Ͳͳͦͫ͠ (0,+∞)� 	͇ ͫͧͮͣͮ͜ͱ ͠ʹͳ͝ ͪͤ͜͢ͳͨ͠ ͫͧͮͣͮ͜ͱ ͳͬ ͤͨͩͻͬͬ � NFUIPE PG
JNBHFT�
 ͇ ͨͣ͜͠ ͤͬͨ͞͠ ͦ ͤͭ͝ͱ� ́ͬ ͠͵ͨ͠Ͱ͜Ͳͮʹͫͤ ͯ͠ͻ ͳͦͬ G∞(x, y) ͳͦͬ kͬ͛ͩͪ͠͠Ͳ͝{ ͳͦͱ ͢ͼͰ
ͯ͠ͻ ͳͮ ͫͦͣͬ͜ ͬͫͬͮ͜͠͠ʹͫͤ ͻͳͨ ͦ Ͳʹͬ͛ͰͳͦͲͦ (SFFO ͯͮʹ ͧ͠ ͯͰͮͩͼͷͤͨ ͫͤ ͠ʹͳͻ ͳͮͬ ͳͰͻͯͮ ͧ͠
ͨͩͬͮͯͮͨͤ͠͞ ͳͦͬ ͲʹͬͮͰͨͩ͠͝ Ͳʹͬͧͩͦ͝ G(0, y) = 0� ͐Ͱ͛ͫ͢͠ͳͨ ͮͰͥͮ͞ʹͫͤ

G(x, y) = G∞(x, y)−G∞(−x, y) =
i

2k

(
eik|x−y| − eik|x+y|).

̸ͫͤͲ͠ ͪͯͮ͜͡ʹͫͤ ͻͳͨ ͯͰ͛ͫ͢͠ͳͨ G(0, y) = 0 ͩͨ͠ ͣͤͬ ͤͬͨ͞͠ ͣͼͲͩͮͪͮ ͬ͠ ͣͨͯͨ͠ͲͳͽͲͮʹͫͤ ͻͳͨ
ͦ G ͨͩͬͮͯͮͨͤ͠͞ ͳͨͱ ͨͣͨͻͳͦͳͤͱ 	�
ۗ	�
 ͯͮʹ ͬ͠͠͵͜Ͱͫͤ͠ ͬͰ͞ͳͤͰ͠� ͕ʹͲͨͩ͛ ͦ Ͳʹͬ͛ͰͳͦͲͦ (SFFO
ͫͯͮͰͤ͞ ͬ͠ ͢Ͱ͠͵ͤ͞ ͩͨ͠ Ͳͳͦͬ ͩ͠ͻͪͮʹͧͦ ͫͮͰ͵͝�

G(x, y) =
i

2k

(
eik|x−y| − eik|x+y|) 	����


=
i

2k

{
e−ik(x−y) − eik(x+y), 0 ≤ x < y

eik(x−y) − eik(x+y), x > y

=
1

k

{
TJO(kx)eiky, 0 ≤ x < y

TJO(ky)eikx, x > y
.

̸Ͱ͠ ͦ ͬͪ͠͠ʹͳͨͩ͝ ͪͼͲͦ ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͮͱ 	����
 ͣͬͤ͞ͳͨ͠ ͯ͠ͻ ͳͮͬ ͳͼͯͮ�

u(x) = − i

2k

∫ +∞

0

f(y)
(
eik|x−y| − eik|x+y|) dy. 	����


��� ˚˾˶̉̒̅̎̈˼ ˾̈̄˹̒̂˶́̄̊ ̅̆̄˷̀˳́˶̉̄̇ ̈˺ ̋̆˶˸́˲̂̄ ˹˾˱̈̉˼́˶� ˝

̈̊̂˽˳˿˼ %JSJDIMFU�UP�/FVNBOO

͒ͳͦͬ ͯͰͮͦͮ͢ͼͫͤͬͦ ͯ͠Ͱ͛͢Ͱ͠͵ͮ ͤͣͫͤ͞͠ ͻͳͨ Ͳͳͦͬ ͯͤͰͯ͞ͳͲͦ ͯͮʹ ͳͮ k ͤͬͨ͞͠ Ͳͳͧͤ͠Ͱͻ ͦ ͪͼͲͦ
ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͮͱ 	����
 ͣͬͤ͞ͳͨ͠ ͯ͠ͻ ͳͦͬ ͬͯ͠͠͠Ͱ͛Ͳͳ͠Ͳͦ 	����
� ͒ͳͦͬ ͯͤͰͯ͞ͳͲͦ ͯͮʹ ͳͮ k

ͫͤͳ͛ͪͪͤ͠͡ͳͨ͠ Ͳͤ ͩ͛ͯͮͨͮ ͣͨ͛Ͳͳͦͫ͠ ͪ͡� 	���
 ͫͯͮͰͮͼͫͤ ͬ͠ ͩ͠ͳ͠͵ͼͮ͢ʹͫͤ Ͳͤ ͫͨ͠ ͯͤ͠ʹͧͤ͞͠ͱ
͠Ͱͨͧͫͦͳͨͩ͝ ͫͧͮͣͮ͜ ͻͯͱ ͤͬͨ͞͠ ͦ ͫͧͮͣͮ͜ͱ ͳͬ ͯͤͯͤͰ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞ ͝ ͦ ͫͧͮͣͮ͜ͱ ͳͬ
ͯͤͯͤͰ͠Ͳͫͬͬ͜ ͣͨ͠͵ͮͰͽͬ ͨ͢͠ ͬ͠ ͤͯͨͪͼͲͮʹͫͤ ͳͮ ͯͰͻͪͦͫ͡͠� ́Ͳ͵ͪ͠ͽͱ ͻͫͱ ͧ͠ ͯͰͯͤͨ͜ Ͳͤ
͠ʹͳ͝ ͳͦͬ ͯͤͰͯ͞ͳͲͦ ͬ͠ ͬ͠ͳͨͩ͠ͳ͠Ͳͳ͝Ͳͤͨ ͩͬͤ͠͞ͱ ͳͮ ͦͫͨ͛ͯͤͨͰͮ ͶͰͮ͞ 	Ͳͳͦͬ ͯͤͰͯ͞ͳͲͦ ͫ͠ͱ
ͳͮ ͣͨ͛Ͳͳͦͫ͠ (0,+∞)
 ͯ͠ͻ ͬ͜͠ ͯͤͯͤͰ͠Ͳͫͬͮ͜ ͶͰͮ͞ 	͵Ͱͫͬͮ͢͜͠ ͣͨ͛Ͳͳͦͫ͠
� ͌ͨ͠ ͲʹͬͦͧͨͲͫͬͦ͜
ͳͤͶͬͨͩ͝ ͯͰͮͱ ͠ʹͳ͝ ͳͦͬ ͩ͠ͳͤͼͧʹͬͲͦ ͤͬͨ͞͠ ͬ͠ ͤͨͲ͛ͮ͢͢͠ʹͫͤ ͬ͜͠ ͳͤͶͬͦͳͻ ͲͼͬͮͰͮ B ͜ͳͲͨ ͽͲͳͤ
ͬ͠ ͣͦͫͨͮʹͰ͢͝Ͳͮʹͫͤ ͬ͜͠ ͯͤͯͤͰ͠Ͳͫͬͮ͜ ʹͯͮͪͮͨ͢Ͳͳͨͩͻ ͶͰͮ͞� ́ͱ Ͳʹͫͮͪ͡͞Ͳͮʹͫͤ ͫͤR ͳͮ ͠ͰͶͨͩͻ
ͫͦ ͵Ͱͫͬͮ͢͜͠ ͶͰͮ͞ ͫͤ Ω ͳͮ ͵Ͱͫͬͮ͢͜͠ ͶͰͮ͞ ͩͨ͠ ͫͤ D ͳͮ ʹͯͻͪͮͨͯͮ ͶͰͮ͞ ͣͦͪͣ͠͝ D =

R\Ω� ̓ͨ͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠ Ͳͳͮ ͒Ͷͫ͝͠ ��� ͯͤͨͩͮͬͥͮ͠͞ʹͫͤ ͬͬ͜͠ ͦͫͨ͛ͯͤͨͰͮ ͩʹͫ͠ͳͮͣͦ͢ͻ ͯͮʹ ͫͤ ͳͦͬ
ͤͨͲ͢͢͠͝ ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹB ͶͰͥͤ͞ͳͨ͠ Ͳͳͮ ͵Ͱͫͬͮ͢͜͠ ͶͰͮ͞Ω ͩͨ͠ Ͳͤ ͬ͜͠ ͫͦ ͵Ͱͫͬͮ͢͜͠
ͶͰͮ͞ D�

��



⌦ D
B 1

͒Ͷͫ͝͠ ���� ͒Ͷͦͫ͠ͳͨͩ͝ ͬͯ͠͠͠Ͱ͛Ͳͳ͠Ͳͦ ͤͬͻͱ ͦͫͨ͛ͯͤͨͰͮʹ ͩʹͫ͠ͳͮͣͦͮ͢ͼ ͩͨ͠ ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹ B�

͘ͱ ͤͯͻͫͤͬͮ ͫ͡͝͠ ͧ͠ ͯͰͯͤͨ͜ ͬ͠ ͣͨ͠ͳʹͯͽͲͮʹͫͤ ͫͨ͠ ͩ͠ͳ͛ͪͪͦͪͦ ͲʹͬͮͰͨͩ͠͝ Ͳʹͬͧͩͦ͝ ͯ͛ͬ
Ͳͳͮ ͳͤͶͬͦͳͻ ͲͼͬͮͰͮB ͫͤ ͳͦͬ ͮͯͮ͞͠ ͧ͠ ͯͰͯͤͨ͜ ͮʹͲͨ͠Ͳͳͨͩ͛ ͬ͠ kͬ͠ͳͨͲͳͧͫ͠͞Ͳͮʹͫͤ{ ͳͮ ͤͮͬ͢͢ͻͱ
ͻͳͨ kͩͻͷͫͤ͠{ ͳͮ ͠ͰͶͨͩͻ ͫͦ ͵Ͱͫͬͮ͢͜͠ ͶͰͮ͞ R� ͌ͤ ͳͮͬ ͳͰͻͯͮ ͠ʹͳͻͬ ͳͮ ͠ͰͶͨͩͻ ͯͰͻͪͦͫ͡͠
ͲͳͮR ͬ͠ͳͨͩͧ͠͞Ͳͳ͠ͳͨ͠ ͯ͠ͻ ͬ͜͠ ͯͰͻͪͦͫ͡͠ Ͳͤ ͬ͜͠ ͵Ͱͫͬͮ͢͜͠ ͶͰͮ͞Ω ͫͤ ͫͨ͠ ͩ͠ͳ͛ͪͪͦͪͦ Ͳʹͬͮ�
Ͱͨͩ͠͝ Ͳʹͬͧͩͦ͝ ͯ͛ͬ Ͳͳͮ ͳͤͶͬͦͳͻ ͲͼͬͮͰͮ B� ́ͬ ͦ ͲʹͬͮͰͨͩ͠͝ Ͳʹͬͧͩͦ͝ ͠ʹͳ͝ ͜Ͷͤͨ ͲͶͤͣͨ͠Ͳͳͤ͞
ͲͲͳ͛ ͳͻͳͤ ͦ ͪͼͲͦ ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͮͱ Ͳͳͮ ͵Ͱͫͬͮ͢͜͠ ͶͰͮ͞ Ω ͧ͠ ͯͰͮͲͤͥͤͨ͢͢͞ ͯͮ͠ͳͤͪͤͲͫ͠�
ͳͨͩ͛ ͳͦ ͪͼͲͦ ͳͮʹ ͠ͰͶͨͩͮͼ ͯͰͮͪͫ͡͝͠ͳͮͱ� ͫͤ͞ͅͱ Ͳͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͧ͠ ͣͮͼͫͤ ͫͨ͠ Ͳʹͩͤͩ͢Ͱͨͫͬͦ͜
kͳͤͶͬͦͳ͝{ ͲʹͬͮͰͨͩ͠͝ Ͳʹͬͧͩͦ͝ ͯͮʹ ͜Ͷͤͨ ͯͮͣͤͨ͠Ͷͧͤ͞ ͯͮ͠ͳͤͪͤͲͫ͠ͳͨͩ͝ Ͳͤ ͯͮͪͪ͜ͱ ͤ͵͠Ͱͫͮ͢͜ͱ
ͩͨ͠ ͤͬͨ͞͠ ͬ͢Ͳͳ͝ ͱ Ͳʹͬͧͩͦ͝ %JSJDIMFU�UP�/FVNBOO 	%U/
�

̓ͤͬͨͩ͛ ͣͤͣͮͫͬͮ͜ʹ ͤͬͻͱ ͯͰͮͪͫ͡͝͠ͳͮͱ ͲʹͬͮͰͨͩ͠ͽͬ ͳͨͫͽͬ P Ͳͳͮ ͫͦ ͵Ͱͫͬͮ͢͜͠ ͶͰͮ͞R ͦ
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∂n � ́ͬ͛ͪͮ͢͠ ͦ 	����
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x ! +1

x = 0 x = R

k = kb(x) k = kR

f

x = L

⌦ D
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−u′′(x)− k2
Ru(x) = 0,
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ͳͦͱ ͮͯͮ͞͠ͱ ͦ ͤͬͨͩ͢͝ ͪͼͲͦ ͤͬͨ͞͠

u(x) = c1e
ikRx + c2e

−ikRx.
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u(x) = c1e
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ikRx

︸ ︷︷ ︸
=u(x)

⇒ u′(x) = ikR u(x).
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−u′′(x)− k2u(x) = f(x), x ∈ (0, L),

u(0) = 0,

u′(L) = ikR u(L),
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Ͳͤͬ ͫͤ ͯͮͪͼͯͪͮͩͦ ͤͫͤ͢ͳͰ͞͠�

͓͠ ͡͠Ͳͨͩ͛ kͲʹͲͳ͠ͳͨͩ͛{ ͳͦͱ ͫͤͧͻͣͮʹ ͳͬ ͯͤͯͤͰ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞ ͫͯͮͰͮͼͬ ͬ͠ Ͳʹͬͮͷͨ�
Ͳͧͮͼͬ ͱ ͤͭ͝ͱ�

ۦ ͓ͮ ͯͰͽͳͮ ͫ͡͝͠ ͤͬͨ͞͠ ͦ ͬͣͨ͠͠͠ͳͼͯͲͦ ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͮͱ Ͳͳͦ ͪͤ͢ͻͫͤͬͦ ͓͚ͥ͗͐͟ ͝ ͓͗ͦ͞�

͔͛͐͜͡͝ ͫͮͰ͵͝� ͒ͤ ͠ʹͳͬ͝ ͳͦ ͵͛Ͳͦ ͫͯͮͰͮͼͫͤ ͬ͠ ͣͮͼͫͤ ͳͮ ͯͰͻͪͦͫ͡͠ ͱ ͬ͜͠ ͯͰͻͪͦͫ͡͠
k͛ͯͤͨͰͬ ͤͭͨͲͽͲͤͬ{ ͮͨ ͣͤ ͲʹͬͮͰͨͩ͜͠ͱ Ͳʹͬͧͩͤ͝ͱ ʹͯͤͨͲ͜ͰͶͮͬͳͨ͠ Ͳͳͦͬ ͣͨ͠ͳͼͯͲͦ ͳͮʹ
ͯͰͮͪͫ͡͝͠ͳͮͱ ͫ͜Ͳ ͳͮʹ ʹͯͮͩͤͫͤͬͮ͞ʹ ͣͨͬ͠ʹͲͫ͠ͳͨͩͮͼ ͶͽͰͮʹ Ͳʹͬ͠Ͱͳ͝Ͳͤͬ�

ۦ ͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͶͰͦͲͨͫͮͯͮͨͮͼͫͤ ͳͦ ͪͤ͢ͻͫͤͬͦ ͫͧͮͣͮ͜ (BMFSLJO ͽͲͳͤ ͬ͠ kͪͼͲͮʹͫͤ ͳͮ ͯͰͻ�
ͪͦͫ͡͠ Ͳ ͬͬ͜͠ ͩ͠ͳ͛ͪͪͦͪͮ ʹͯͻͶͰͮ ͯͤͯͤͰ͠Ͳͫͬͦ͜ͱ ͣͨ͛Ͳͳ͠Ͳͦͱ{� ͇ ͣͨͣͨͩ͠͠Ͳ͞͠ ͠ʹͳ͝
ͩ͠ͳͪͤͨ͢͠͝ Ͳͳͦͬ ͬ͛ͩͦ͢͠ ͤͯͪ͞ʹͲͦͱ ͤͬͻͱ ͢Ͱͫͫͨͩͮ͠ͼ ͲʹͲͳͫ͝͠ͳͮͱ�

ۦ ͓ͪͮ͜ͱ ͤͯͨͪͮ͜͢ʹͫͤ ͫͨ͠ ͩ͠ͳ͛ͪͪͦͪͦ ͛͡Ͳͦ ͨ͢͠ ͳͮͬ ʹͯͻͶͰͮ ͯͤͯͤͰ͠Ͳͫͬͦ͜ͱ ͣͨ͛Ͳͳ͠Ͳͦͱ
͜ͳͲͨ ͽͲͳͤ ͮ ͯͬͩ͞͠͠ͱ ͳͮʹ ͢Ͱͫͫͨͩͮ͠ͼ ͲʹͲͳͫ͝͠ͳͮͱ Ͳͳͮ ͮͯͮͮ͞ ͧ͠ ͩ͠ͳͪͭͮ͠͝ʹͫͤ ͬ͠ ͤͬͨ͞͠
k͠Ͱͨ͠ͻͱ{ 	ͣͦͪͣ͠͝ ͳ͠ ͯͤͰͨͲͲͻͳͤͰ͠ ͲͳͮͨͶͤ͞͠ ͳͮʹ ͬ͠ ͤͬͨ͞͠ ͫͦͣͬ͜
�

͒ͳͦͬ͐͠Ͱ͛͢Ͱ͠͵ͮ ��� ͧ͠ ͯͤͰͨ͢Ͱ͛ͷͮʹͫͤ ͳͦͬ ͬͣͨ͠͠͠ͳͼͯͲͦ ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͮͱ 	����
 Ͳͤ ͠Ͳͧͤͬ͝
ͫͮͰ͵͝ ͤͬͽͲͳͦͬ͐͠Ͱ͛͢Ͱ͠͵ͮ ��� ͧ͠ ͣͨ͠ͳʹͯͽͲͮʹͫͤ ͳͦ Ͳʹͬͧͦ͝ ͫͧͮͣͮ͜(BMFSLJO�ͯͤͯͤͰ͠Ͳͫͬͬ͜
ͲͳͮͨͶͤͬ͞ ͨ͢͠ ͳͮ ͯͰͻͪͦͫ͡͠ ͠ʹͳͻ�

��



��� ˨̉̄˾̌˺˴˶ ̈̊̂˶̆̉˼̈˾˶˿˳̇ ˶̂˱̀̊̈˼̇ ˿˶˾ ̈̊́˷̄̀˾̈́̑̇

͒ͳͦͬ ͤͨͲͨͩ͢͢͠͝ ͠ʹͳ͝ ͯ͠Ͱ͛͢Ͱ͠͵ͮ ͧ͠ ͣͽͲͮʹͫͤ ͮͰͨͲͫͮͼͱ ͡͠Ͳͨͩͽͬ ͤͬͬͮͨͽͬ ͧ͠ ͯ͠Ͱͮʹ�
Ͳͨ͛Ͳͮʹͫͤ ͳͮͬ Ͳʹͫͮͪͨ͡Ͳͫͻ ͩͨ͠ ͧ͠ ͤͨͲ͛ͮ͢͢͠ʹͫͤ ͳͮʹͱ ͡͠Ͳͨͩͮͼͱ ͶͽͰͮʹͱ Ͳʹͬ͠Ͱͳ͝Ͳͤͬ ͯͮʹ ͧ͠
ͶͰͦͲͨͫͮͯͮͨ͝Ͳͮʹͫͤ Ͳͳͦ Ͳʹͬ͜Ͷͤͨ͠�

����� ͍ͻͰͫ͠ ͩͨ͠ ͤͲͳͤͰͨͩͻ ͨͬ͢ͻͫͤͬͮ

̺Ͳͳ V ͬ͜͠ͱ ͫͨͣͨͩ͢͠ͻͱ ͢Ͱͫͫͨͩ͠ͻͱ ͶͽͰͮͱ�

͏ͰͨͲͫͻͱ ���� ͏Ͱͥͮ͞ʹͫͤ ͱ ͓ͮͣ͟͞ ͫͨ͠ ͯͤͨͩ͠ͻͬͨͲͦ ‖·‖ ͯ͠ͻ ͳͮͬ ͶͽͰͮ V Ͳͳͮ Ͳͼͬͮͪͮ ͳͬ ͯͰ͢͠�
ͫ͠ͳͨͩͽͬ ͠Ͱͨͧͫͽͬ ͦ ͮͯͮ͞͠ Ͳͤ ͩ͛ͧͤ ͲͳͮͨͶͤͮ͞ u ∈ V ͬ͠ͳͨͲͳͮͨͶͤ͞ ͬͬ͜͠ ͫͮͬͣͨͩ͠ͻ ͯͰͫ͢͠͠ͳͨͩͻ
͠Ͱͨͧͫͻ ‖u‖ ≥ 0 ͩͨ͠ ͤͬͨ͞͠ ͳ͜ͳͮͨ͠ ͽͲͳͤ ͬ͠ ͨͩͬͮͯͮͨͮ͠ͼͬͳͨ͠ ͮͨ ͩ͠ͻͪͮʹͧͤͱ ͨͣͨͻͳͦͳͤͱ�

‖u‖ = 0 ⇒ u = 0, 	���


‖au‖ = |a|‖u‖, ͨ͢͠ ͩ͛ͧͤ u ∈ V ͩͨ͠ a ∈ C, 	���


‖u+ v‖ ≤ ‖u‖+ ‖v‖, ͨ͢͠ ͩ͛ͧͤ u, v ∈ V. 	���


͌ͨ͠ ͯͤͨͩ͠ͻͬͨͲͦ | · | : V → R ͯͮʹ ͨͩͬͮͯͮͨͤ͠͞ ͳͨͱ 	���
 ͩͨ͠ 	���
 ͪͪ͛͠ ͻͶͨ ͤͬ ͬͤͨ͢͜ ͳͦͬ 	���

ͪͤ͜͢ͳͨ͠ ͦͫͨͬͻͰͫ͠ 	TFNJOPSN
�

͏ͰͨͲͫͻͱ ���� 0 V ͧ͠ ͪͤ͜͢ͳͨ͠ ͕͓ͣ͛ͮͤ͜͞͞ ͩͰͣͤ͡ ͗͞ ͗ͥͫͦ͗ͣ͛ͮ͜ ͕͛ͮ͗͟͟͞͡ ͬ͠ ͨ͢͠ ͩ͛ͧͤ ͥͤͼͮ͢ͱ
u, v ∈ V ͮͰͥͮ͞ʹͫͤ ͬͬ͜͠ ͫͨͣͨͩ͢͠ͻ ͠Ͱͨͧͫͻ ͯͮʹ ͧ͠ ͳͮͬ Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͱ (u, v) ͩͨ͠ ͧ͠ ͳͮͬ
ͯͮͩͪͮ͠͠ͼͫͤ ͤͲͳͤͰͨͩͻ ͨͬ͢ͻͫͤͬͮ ͳͬ u ͩͨ͠ v ͩͨ͠ ͧ͠ ͜Ͷͤͨ ͳͨͱ ͤͭ͝ͱ ͨͣͨͻͳͦͳͤͱ�

̓ͨ͠ ͩ͛ͧͤ u ∈ V : (u, u) ≥ 0. ͯͨͯͪͮͬ͜ͅ ͬ͠ (u, u) = 0 ⇒ u = 0, 	���


ͨ͢͠ ͩ͛ͧͤ u, v ∈ V : (u, v) = (v, u), 	���


	ͻͯͮʹ ͫͤ z Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͳͮͬ Ͳʹͥʹ͢͝ ͳͮʹ ͫͨͣͨͩͮ͢͠ͼ z
,

ͨ͢͠ ͩ͛ͧͤ u, v ∈ V ͩͨ͠ a, b ∈ C : (au+ bv, w) = a(u,w) + b(v, w). 	���


͐Ͱͻͳ͠Ͳͦ ��� 	́ͬͨͲͻͳͦͳ͠ $BVDIZ�4DXBS[
� ̴͟ V ͓͗͑͛͟ ͩͰͣͤ͡ ͗͞ ͗ͥͫͦ͗ͣ͛ͮ͜ ͕͛ͮ͗͟͟͞͡ ͓͛͜ u, v ∈
V  ͦͮͦ͗

|(u, v)| ≤
√
(u, u)

√
(v, v). 	���


͒ͤ ͩ͛ͧͤ ͶͽͰͮ V ͫͤ ͤͲͳͤͰͨͩͻ ͨͬ͢ͻͫͤͬͮ ͫͯͮͰͮͼͫͤ ͬ͠ ͮͰ͞Ͳͮʹͫͤ ͫͨ͠ ͬͻͰͫ͠ ͫ͜Ͳ ͳͮʹ ͤͲ�
ͳͤͰͨͩͮͼ ͨͬͮͫͬͮ͢͜ʹ ͯͮʹ ͧ͠ ͳͦͬ ͯͮͩͪͮ͠͠ͼͫͤ ͓͕͙͗ͮ͗͢͟͞ ͓ͮͣ͟͞ ͱ ͤͭ͝ͱ�

‖u‖ :=
√

(u, u). 	���


��



̈́ͤͬ ͤͬͨ͞͠ ͣͼͲͩͮͪͮ ͬ͠ ͣͤͭͤͨ͞ ͩͬͤ͠͞ͱ ͻͳͨ ͦ ͬͻͰͫ͠ ͯͮʹ ͮͰͥͤ͞ͳͨ͠ ͫ͜Ͳ ͳͦͱ 	���
 ͨͩͬͮͯͮͨͤ͠͞ ͳͨͱ
ͨͣͨͻͳͦͳͤͱ 	���
ۗ	���
 ͩͨ͠ ͛Ͱ͠ ͤͬͨ͞͠ ͯͰ͛ͫ͢͠ͳͨ ͫͨ͠ ͬͻͰͫ͠� ͒ʹͩͤͩ͢Ͱͨͫͬ͜͠ ͨ͢͠ ͳͦͬ ͯ͠ͻͣͤͨͭͦ ͳͦͱ
	���
 ͶͰͤͨͥ͠ͻͫ͠Ͳͳͤ ͳͦͬ ͬͨ͠Ͳͻͳͦͳ͠ $BVDIZ�4IXBS[ 	���
�

́ͬ
(
V, (·, ·)

)
ͤͬͨ͞͠ ͢Ͱͫͫͨͩ͠ͻͱ ͶͽͰͮͱ ͫͤ ͤͲͳͤͰͨͩͻ ͨͬ͢ͻͫͤͬͮ ͩͨ͠ ‖ · ‖ ͤͬͨ͞͠ ͦ ͤͯ͢͠ͻͫͤͬͦ

ͬͻͰͫ͠ ͳͻͳͤ ͦ ͬͨ͠Ͳͻͳͦͳ͠ $BVDIZ�4DIXBS[ ͯ͠͞Ͱͬͤͨ ͳͦ ͫͮͰ͵͝�

|(u, v)| ≤ ‖u‖‖v‖. 	���


̺Ͳͳ
(
V, ‖ · ‖

)
ͬ͜͠ͱ ͶͽͰͮͱ ͫͤ ͬͻͰͫ͠ ͩͨ͠ (un) ͫͨ͠ ͩͮͪͮ͠ʹͧ͞͠ ͲͳͮͨͶͤͬ͞ ͳͮʹ V � ͈͠ ͪͫͤ͜ ͻͳͨ ͦ

(un) Ͳʹͩͪͬͤͨ͢͞ Ͳͳͮͬ V  ͬ͠ ʹͯ͛ͰͶͤͨ ͩ͛ͯͮͨͮ u ∈ V ͜ͳͲͨ ͽͲͳͤ ‖un − u‖ → 0 ͩͧ͠ͽͱ n → ∞�
͌ͨ͠ ͩͮͪͮ͠ʹͧ͞͠ (un) ͲͳͮͨͶͤͬ͞ ͳͮʹ V ͧ͠ ͪͤ͜͢ͳͨ͠ ͓͚͓ͧ͑͜͡͝͡ $BVDIZ ͝ ͔͓ͥ͛͐͜ ͓͚͓ͧ͑͜͡͝͡

ͬ͠ ͨ͢͠ ͩ͛ͧͤ ε > 0 ʹͯ͛ͰͶͤͨ ͬ͜͠ͱ ͵ʹͲͨͩͻͱ ͠Ͱͨͧͫͻͱ n0 = n0(ε) ͳ͜ͳͮͨͮͱ ͽͲͳͤ

‖un − um‖ < ε, ͨ͢͠ ͩ͛ͧͤm,n ≥ n0. 	����


ͅͼͩͮͪ͠ ͯͮͣͤͨͩͬ͠ͼͤͳͨ͠ ͻͳͨ ͫͨ͠ Ͳʹͩͪͬͮ͢͞ʹͲ͠ ͩͮͪͮ͠ʹͧ͞͠ ͤͬͨ͞͠ ͩͮͪͮ͠ʹͧ͞͠ $BVDIZ� ͓ͮ ͬ͠ͳ͞�
ͲͳͰͮ͵ͮ ͻͫͱ ͣͤͬ ͨͲͶͼͤͨ ͯ͛ͬͳ͠� ͈͠ ͪͫͤ͜ ͻͳͨ ͮ ͶͽͰͮͱ V ͤͬͨ͞͠ ͙͐ͣͤ͢͝ 	DPNQMFUF
 ͬ͠ ͩ͛ͧͤ
ͩͮͪͮ͠ʹͧ͞͠ $BVDIZ Ͳʹͩͪͬͤͨ͢͞�

����� ͒ʹͫͮͪͨ͡Ͳͫͻͱ

͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͜Ͳͳ I ͬ͜͠ ͬͮͨͩ͠ͳͻ ͣͨ͛Ͳͳͦͫ͠ Ͳͳͮ R� ͈͠ ͶͰͦͲͨͫͮͯͮͨ͝Ͳͮʹͫͤ ͳͮʹͱ ͩ͠ͻͪͮʹ�
ͧͮʹͱ Ͳʹͫͮͪͨ͡Ͳͫͮͼͱ�

ۗ C(I) ͤͬͨ͞͠ ͳͮ Ͳͼͬͮͪͮ ͻͪͬ ͳͬ ͲʹͬͤͶͽͬ Ͳʹͬ͠Ͱͳ͝Ͳͤͬ ͫͤ ͯͤͣͮ͞ ͮͰͨͲͫͮͼ ͳͮ I 

ۗ Ck(I) ͤͬͨ͞͠ ͳͮ Ͳͼͬͮͪͮ ͻͪͬ ͳͬ ͲʹͬͤͶͽͬ Ͳʹͬ͠Ͱͳ͝Ͳͤͬ ͫͤ ͲʹͬͤͶͤ͞ͱ ͫͤͰͨͩ͜ͱ ͯ͠Ͱ͢͠ͽ�
ͮ͢ʹͱ ͫ͜ͶͰͨ k�ͳ͛ͭͦͱ

ۗ C∞(I) ͤͬͨ͞͠ ͳͮ Ͳͼͬͮͪͮ ͳͬ ͯͤ͠͞Ͱͱ ͲʹͬͤͶͽͱ ͯ͠Ͱ͢͢͠͞Ͳͨͫͬ Ͳʹͬ͠Ͱͳ͝Ͳͤͬ�

́ͬ f ∈ C(I) ͧ͠ ͮͬͮͫ͛ͥͮʹͫͤ ͨͣ͡͏͓ 	TVQQQPSU
 ͳͦͱ f  ͩͨ͠ ͧ͠ Ͳʹͫͮͪͥͮ͡͞ʹͫͤ TVQQ(f) ͳͮ
Ͳͼͬͮͪͮ� TVQQ(f) = {x ∈ I : f(x) (= 0}� ͈͠ ͪͫͤ͜ ͻͳͨ ͫͨ͠ Ͳʹͬ͛ͰͳͦͲͦ f ∈ C(I) ͜Ͷͤͨ ͥͧ�

͓͕͐͢͞ ͨͣ͡͏͓ ͬ͠ ͮ ͵ͮͰ͜͠ͱ ͳͦͱ ͤͬͨ͞͠ ͬ͜͠ Ͳʹͫͯ͢͜͠ͱ Ͳͼͬͮͪͮ ͯͮʹ ͯͤͰͨ͜Ͷͤͳͨ͠ Ͳͳͮ I � ͓ͮ Ͳͼͬͮͪͮ
ͻͪͬ ͳͬ ͲʹͬͤͶͽͬ Ͳʹͬ͠Ͱͳ͝Ͳͤͬ ͫͤ Ͳʹͫͯ͢͠͝ ͵ͮͰ͜͠ Ͳʹͫͮͪͥͤ͡͞ͳͨ͠ ͫͤ Cc(I)� ́ͬͪ͠ͻ͢ͱ ͧ͠
Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͫͤ C∞

c (I) ͳͮͬ ͶͽͰͮ ͳͬ ͯͤ͠͞Ͱͱ ͲʹͬͤͶͽͱ ͯ͠Ͱ͢͢͠͞Ͳͨͫͬ Ͳʹͬ͠Ͱͳ͝Ͳͤͬ ͫͤ
Ͳʹͫͯ͢͠͝ ͵ͮͰ͜͠� ͌ͤ ͛ͪͪ͠ ͪͻͨ͢͠ ͮͨ Ͳʹͬ͠Ͱͳ͝Ͳͤͨͱ ͳͮʹ Cc(I) ͫͦͣͤͬͥͮͬ͞ͳͨ͠ ͭ͜ ͯ͠ͻ ͬ͜͠ Ͳʹ�
ͫͯ͢͜͠ͱ Ͳͼͬͮͪͮ 	ͣͦͪͣ͠͝ ͭ͜ ͯ͠ͻ ͬ͜͠ ͩͪͤͨͲͳͻ ͩͨ͠ ͵Ͱͫͬͮ͢͜͠ ͣͨ͛Ͳͳͦͫ͠ Ͳͳͦͬ ͯͤͰͯ͞ͳͲͦ ͳͦͱ
ͫ͞͠ͱ ͣͨ͛Ͳͳ͠Ͳͦͱ
�

��



����� ͖ͽͰͮͨ )JMCFSU

͏ͰͨͲͫͻͱ ���� ̺ͬ͠ͱ ͯͪ͝Ͱͦͱ ͶͽͰͮͱ ͫͤ ͤͲͳͤͰͨͩͻ ͨͬ͢ͻͫͤͬͮ ͪͤ͜͢ͳͨ͠ ͶͽͰͮͱ )JMCFSU�

̺Ͳͳ I ⊂ R ͬ͜͠ ͬͮͨͩ͠ͳͻ ͣͨ͛Ͳͳͦͫ͠� ͏Ͱͥͮ͞ʹͫͤ ͳͮͬ ͩ͠ͻͪͮʹͧͮ ͶͽͰͮ ͳͬ ͳͤͳͰͬͨͩ͛͢͠
ͮͪͮͩͪͦͰͽͲͨͫͬ Ͳʹͬ͠Ͱͳ͝Ͳͤͬ�

L2(I) = {u : I → C,
∫

I

|f(x)|2 dx < ∞}. 	����


̓ͨ͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠ ͦ Ͳʹͬ͛ͰͳͦͲͦ f : (0, 1) → R ͫͤ ͳͼͯͮ f(x) = x ͬͩͤͨ͠͝ Ͳͳͮͬ L2(0, 1) ͤͬͽ ͦ
Ͳʹͬ͛ͰͳͦͲͦ g : (0, 1) → R ͫͤ ͳͼͯͮ g(x) = 1/x ͣͤͬ ͬͩͤͨ͠͝ Ͳͳͮͬ L2(0, 1)�

̓ͨ͠ ͩ͛ͧͤ u, v ∈ L2(I) ͳͮ ͤͲͳͤͰͨͩͻ ͨͬ͢ͻͫͤͬͮ Ͳͳͮͬ L2(I) ͮͰͥͤ͞ͳͨ͠ ͱ�

(u, v) =

∫

I

u(x)v(x) dx. 	����


͇ ͤͯ͢͠ͻͫͤͬͦ ͯ͠ͻ ͳͮ ͤͲͳͤͰͨͩͻ ͨͬ͢ͻͫͤͬͮ ͬͻͰͫ͠ Ͳͳͮͬ L2(I) ͤͬͨ͞͠

‖u‖ =
( ∫

I

|u(x)|2 dx
)1/2

. 	����


͏ L2 ͤͬͨ͞͠ ͶͽͰͮͱ )JMCFSU�
̺ͬ͠ͱ ͛ͪͪͮͱ ͶͽͰͮͱ ͯͮʹ ͧ͠ ͶͰͦͲͨͫͮͯͮͨ͝Ͳͮʹͫͤ Ͳͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͤͬͨ͞͠ ͮ ͶͽͰͮͱ 4PCPMFW

H1(I) = {u ∈ L2(I) : u′ ∈ L2(I)}, 	����


ͯͮʹ ͯͮ͠ͳͤͪͤ͞ͳͨ͠ ͯ͠ͻ ͳͨͱ Ͳʹͬ͠Ͱͳ͝Ͳͤͨͱ ͳͮʹL2(I)ͯͮʹ ͜Ͷͮʹͬ ͠Ͳͧͤͬ͝ 	͝ ͤͬͨͩͤ͢ʹͫͬͦ͜
 ͯ͠Ͱ͛ͮ͢͢
ͯͮʹ ͬͩͤͨ͠͝ ͩͨ͠ ͠ʹͳ͝ Ͳͳͮͬ L2(I)�

͏ͰͨͲͫͻͱ ���� ̺Ͳͳ u ∈ L2(I)� ́ͬ ʹͯ͛ͰͶͤͨ w ∈ L2(I) ͳ͜ͳͮͨ͠ ͽͲͳͤ
∫

I

uφ′ = −
∫

I

wφ, ͨ͢͠ ͩ͛ͧͤ φ ∈ C1
c (I),

ͳͻͳͤ ͪͫͤ͜ ͻͳͨ ͦ w ͤͬͨ͞͠ ͦ ͓͚ͥ͗͐ͤ͟ ͝ ͕͗͛͗ͧ͟͜͞͏͙͟ ͓͎͕͕ͣͫͤ͢͡ ͳͦͱ u 	ͫͤ ͳͦͬ ͬͬͮͨ͜͠ ͳͮʹ L2
 ͩͨ͠
Ͳʹͫͮͪͥͮ͡͞ʹͫͤ w = u′�

ͅͼͩͮͪ͠ ͪͯͮ͜͡ʹͫͤ ͻͳͨ ͮ H1(I) ͤͬͨ͞͠ ͬ͜͠ͱ ͢Ͱͫͫͨͩ͠ͻͱ ʹͯͻͶͰͮͱ ͳͮʹ L2(I)� ̺Ͳͳ ͻͳͨ ͫͤ
(·, ·) ͩͨ͠ ‖ · ‖ Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͳͮ ͤͲͳͤͰͨͩͻ ͨͬ͢ͻͫͤͬͮ ͩͨ͠ ͳͦ ͬͻͰͫ͠ ͳͮʹ L2(I) ͻͯͱ ͮͰ͞Ͳͳͦͩͬ͠
Ͳͳͨͱ 	����
 ͩͨ͠ 	����
 ͬ͠ͳ͞ͲͳͮͨͶ͠� ͓ͻͳͤ ͮͰͥͮ͞ʹͫͤ ͤͲͳͤͰͨͩͻ ͨͬ͢ͻͫͤͬͮ ͩͨ͠ ͬͻͰͫ͠ Ͳͳͮͬ H1(I)

ͱ ͤͭ͝ͱ�

͏ͰͨͲͫͻͱ ���� ̺Ͳͳ u, v ∈ H1(I)� ͓ͻͳͤ ͳͮ ͤͲͳͤͰͨͩͻ ͨͬ͢ͻͫͤͬͮ Ͳͳͮͬ H1(I) ͮͰͥͤ͞ͳͨ͠ ͱ

(u, v)1 := (u, v) + (u′, v′) =

∫

I

(
u(x)v(x) + u′(x)v′(x)

)
dx,

ͩͨ͠ ͦ ͬ͠ͳ͞ͲͳͮͨͶͦ ͤͯ͢͠ͻͫͤͬͦ ͬͻͰͫ͠ ͱ

‖u‖1 :=
(
‖u‖2 + ‖u′‖2

)1/2
=

(∫

I

(
|u(x)|2 + |u′(x)|2

)
dx

)1/2

.

��



͒ͤ ͩ͛ͯͮͨͤͱ ͯͤͰͨͯͳͽͲͤͨͱ ͧ͠ ͶͰͦͲͨͫͮͯͮͨ͝Ͳͮʹͫͤ ͩͨ͠ ͳͦͬ ͦͫͨͬͻͰͫ͠

|u|1 =
( ∫

I

|u′(x)|2 dx
)1/2

. 	����


̽ͯͱ ͬ͠͠͵͜Ͱͫͤ͠ ͩͨ͠ Ͳͳͮͬ ͏ͰͨͲͫͻ ��� ͦͫͨͬͻͰͫ͠ ͤͬͨ͞͠ ͫͨ͠ ͯͤͨͩ͠ͻͬͨͲͦ ͯͮʹ ͨͩͬͮͯͮͨͤ͠͞ ͳͨͱ
	���
 ͩͨ͠ 	���
 ͪͪ͛͠ ͻͶͨ ͤͬ ͬͤͨ͢͜ ͳͦͬ 	���
� ̓ͨ͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠ ͧͤͰͮͼͫͤ ͳͦ Ͳͳͧͤ͠Ͱ͝ Ͳʹͬ͛ͰͳͦͲͦ
u(x) = 1 ͦ ͮͯͮ͞͠ ͯͰͮ͵ͬ͠ͽͱ ͬͩͤͨ͠͝ Ͳͳͮͬ H1(0, 1)� ͓ͻͳͤ |u|1 = 0 ͪͪ͛͠ u (≡ 0�

ͬͅͳͤͪͽͱ ͬ͛ͪͮ͢͠͠ ͬ͠m > 0 ͩ͜͠Ͱͨͮ͠ͱ ͮͰͥͮ͞ʹͫͤ ͳͮͬ ͶͽͰͮ 4PCPMFWHm(I) ͯͮʹ ͯͤͰͨ͜Ͷͤͨ ͳͨͱ
Ͳʹͬ͠Ͱͳ͝Ͳͤͨͱ ͳͮʹ L2(I) ͯͮʹ ͜Ͷͮʹͬ ͠Ͳͧͤͬͤ͞ͱ ͯ͠Ͱ͢͠ͽͮ͢ʹͱ ͫ͜ͶͰͨ ͩͨ͠m�ͳ͛ͭͦͱ ͯͮʹ ͩͨ͠ ͤͩͤͬͤ͞ͱ
ͬͩͮ͠͝ʹͬ Ͳͳͮͬ L2(I) ͣͦͪͣ͠͝

Hm(I) = {u ∈ L2(I) : u(i) ∈ L2(I), i = 1, 2, . . . ,m}. 	����


͏ͨ ͶͽͰͮͨ Hm(I) ͤͬͨ͞͠ ͩͨ͠ ͠ʹͳͮ͞ ͶͽͰͮͨ )JMCFSU�
͓ͪͮ͜ͱ ͨ͢͠ ͳͮ ͯͰͻͪͦͫ͡͠ ͯͮʹ ͧ͠ ͫͤͪͤͳ͝Ͳͮʹͫͤ Ͳͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͧ͠ ͶͰͤͨ͠Ͳͳͮͼͫͤ ͩͨ͠ Ͳʹͬ͠Ͱ�

ͳ͝Ͳͤͨͱ ͫͤ ͯͤͣͮ͞ ͮͰͨͲͫͮͼ ͳͮ ͣͨ͛Ͳͳͦͫ͠ (0, L) ͯͮʹ ͧ͠ ͯͰͯͤͨ͜ ͬ͠ ͨͩͬͮͯͮͨͮ͠ͼͬ ͳͦ ͲʹͬͮͰͨͩ͠͝
Ͳʹͬͧͩͦ͝ %JSJDIMFU Ͳͳͮ ͛ͩͰͮ x = 0� ̓ͨ͠ ͳͮͬ Ͳͩͮͯͻ ͠ʹͳͻ ͧ͠ ͶͰͤͨ͠Ͳͳͤ͞ ͬ͠ ͤͨͲ͛ͮ͢͢͠ʹͫͤ ͩͨ͠ ͳͮͬ
ͩ͠ͻͪͮʹͧͮ ͶͽͰͮ Ͳʹͬ͠Ͱͳ͝Ͳͤͬ

H1
(0(0, L) = {u ∈ H1(0, L) : u(0) = 0}. 	����


����� ̓Ͱͫͫͨͩ͛͠ Ͳʹͬ͠ͰͳͦͲͮͤͨͣ͝ ͩͨ͠ ͣͨ͢Ͱͫͫͨͩ͜͠ͱ ͫͮͰ͵͜ͱ

͏ͰͨͲͫͻͱ ���� ̺ͲͳV ͬ͜͠ͱ ͶͽͰͮͱ)JMCFSU� ͈͠ ͪͫͤ͜ ͻͳͨF ͤͬͨ͞͠ ͬ͜͠ ͓͙͖ͥͧͣͦͥ͗͛͟͡͏ͤ 	GVODUJPOBM

Ͳͳͮͬ V ͬ͠ F ͤͬͨ͞͠ ͫͨ͠ ͯͤͨͩ͠ͻͬͨͲͦ ͯ͠ͻ ͳͮͬ V Ͳͳͮ Ͳͼͬͮͪͮ ͳͬ ͫͨͣͨͩ͢͠ͽͬ ͠ͰͨͧͫͽͬC ͦ ͮͯͮ͞͠
ͯͤͨͩͮͬͥͤͨ͠͞ ͩ͛ͧͤ ͲͳͮͨͶͤͮ͞ v ∈ V Ͳͤ ͬͬ͜͠ ͫͮͬͣͨͩ͠ͻ ͫͨͣͨͩ͢͠ͻ ͠Ͱͨͧͫͻ F (v)�

̺ͬ͠ Ͳʹͬ͠ͰͳͦͲͮͤͨͣ͜ͱ ͧ͠ ͪͤ͜͢ͳͨ͠ ͕͓ͣ͛ͮ͜͞͞ ͬ͠ ͨ͢͠ ͩ͛ͧͤ u, v ∈ V ͩͨ͠ λ, µ ∈ C� F (λu +

µv) = λF (u) + µF (v)�
̺ͬ͠ Ͳʹͬ͠ͰͳͦͲͮͤͨͣ͜ͱ ͪͤ͜͢ͳͨ͠ ͓͕ͨͣ͞͏͟͡ ͬ͠ ʹͯ͛ͰͶͤͨM > 0 ͜ͳͲͨ ͽͲͳͤ |F (v)| ≤ M‖v‖ ͨ͢͠

ͩ͛ͧͤ v ∈ V �

̺ͬ͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠ ͤͬͻͱ ͢Ͱͫͫͨͩͮ͠ͼ ͵Ͱͫͬͮ͢͜͠ʹ Ͳʹͬ͠ͰͳͦͲͮͤͨͣͮͼͱ Ͳͤ ͬͬ͜͠ ͶͽͰͮ )JMCFSU V
ͣͬͤ͞ͳͨ͠ ͫ͜Ͳ ͳͮʹ ͤͲͳͤͰͨͩͮͼ ͨͬͮͫͬͮ͢͜ʹ ͳͬ ͲͳͮͨͶͤͬ͞ ͳͮʹ V ͫͤ ͬ͜͠ Ͳʹͩͤͩ͢Ͱͨͫͬͮ͜ ͲͳͮͨͶͤͮ͞
w ∈ V � ͒ʹͩͤͩ͢Ͱͨͫͬ͜͠ ͣͤͣͮͫͬͮ͜ʹ ͤͬͻͱ w ∈ V  ͨ͢͠ ͩ͛ͧͤ u ∈ V ͮͰͥͮ͞ʹͫͤ

F (u) = (u,w).

͐Ͱͮ͵ͬ͠ͽͱ ͳͮ F ͤͬͨ͞͠ ͬ͜͠ ͢Ͱͫͫͨͩ͠ͻ Ͳʹͬ͠ͰͳͦͲͮͤͨͣ͜ͱ� ̓ͨ͠ ͬ͠ ͣͮͼͫͤ ͻͳͨ ͤͬͨ͞͠ ͵Ͱͫͬͮ͢͜͠ ͯ͠Ͱ͠�
ͳͦͰͮͼͫͤ ͻͳͨ

|F (u)| = |(u,w)|
	���

≤ ‖u‖‖w‖.

��



͏ͰͨͲͫͻͱ ���� ̺Ͳͳ V ͬ͜͠ͱ 	ͫͨͣͨͩ͢͠ͻͱ
 ͶͽͰͮͱ )JMCFSU� ͇ ͯͤͨͩ͠ͻͬͨͲͦ B : V × V → C ͪͫͤ͜
ͻͳͨ ͤͬͨ͞͠ ͣͨ͢Ͱͫͫͨͩ͠͝ ͫͮͰ͵͝ ͬ͠ ͨ͢͠ ͩ͛ͧͤ u, v ∈ V  λ1,λ2 ∈ C ͨͲͶͼͮʹͬ ͮͨ ͨͣͨͻͳͦͳͤͱ �

B(λ1u1 + λ2u2, v) = λ1b(u1, v) + λ2B(u2, v) 	����


ͩͨ͠
B(u,λ1v1 + λ2v2) = λ1B(u, v1) + λ2B(u, v2). 	����


����� ͌ͤͰͨͩ͛ ͲͶͻͪͨ͠ ͨ͢͠ ͳͮʹͱ ͶͽͰͮʹͱ 4PCPMFW

͒ͦͫͤͨͽͬͮʹͫͤ ͻͳͨ Ͳͳͦͬ ͐͠Ͱ͛͢Ͱ͠͵ͮ ����� ͣͤͬ ͮͰ͞Ͳͫͤ͠ ͫͤ ͠ʹͲͳͦͰͻ ͳͰͻͯͮ ͳͮʹͱ ͶͽͰͮʹͱ Ͳʹ�
ͬ͠Ͱͳ͝Ͳͤͬ L2 H1 ͩ�ͪͯ� ͣͅͽ ͩͮͪͮ͠ʹͧͽͬͳ͠ͱ ͳͮ ͨͪͮ͡͡͞ ͳͮʹ (PDLFOCBDI <��> ͧ͠ ͣͽͲͮʹͫͤ
ͩ͛ͯͮͨͤͱ ͯͪͦͰͮ͵ͮͰͤ͞ͱ ͨ͢͠ ͳͨͱ ͬͬͮͨͤ͜ͱ ͯͮʹ ͯͨ͠͠ͳͮͼͬͳͨ͠ ͽͲͳͤ ͬ͠ ͯͰͮͶͰ͝Ͳͤͨ ͩͬͤ͠͞ͱ Ͳͳͦͬ ͠ʹ�
ͲͳͦͰ͝ ͫͧͦͫ͠͠ͳͨͩ͝ ͧͤͫͤͪ͞Ͳͦ ͳͬ ͶͽͰͬ ͠ʹͳͽͬ�

͊͠ͳ͠ͰͶ͛ͱ ͨ͢͠ ͬ͠ ͮͰ͞Ͳͮʹͫͤ ͠ʹͲͳͦͰ͛ ͳͮͬ ͶͽͰͮ L2 ͧ͠ ͯͰͯͤͨ͜ ͬ͠ ͶͰͦͲͨͫͮͯͮͨ͝Ͳͮʹͫͤ ͳͮͬ
ͩ͠ͳ͛ͪͪͦͪͮ ͮͰͨͲͫͻ ͳͮʹ ͮͪͮͩͪͦͰͽͫ͠ͳͮͱ� ͓ͮ ͮͪͮͩͪ͝Ͱͫ͠ ͫͤ ͳͮ ͮͯͮͮ͞ ͤͫ͞͠Ͳͳͤ ͯͤͰͨͲͲͻͳͤͰͮ
ͤͭͮͨͩͤͨͫͬͮͨ͜ ͤͬͨ͞͠ ͳͮ ͮͪͮͩͪ͝Ͱͫ͠ 3JFNBOO� ̈́ʹͲͳʹͶͽͱ ͳͮ ͮͪͮͩͪ͝Ͱͫ͠ 3JFNBOO ͤͫ͵ͬ͠͞�
ͥͤͨ ͩ͛ͯͮͨ͠ ͳͤͶͬͨͩ͛ ͫͤͨͮͬͤͩͳͫ͝͠ͳ͠� ̺ͬ͠ ͩͼͰͨͮ ͫͤͨͮͬͩ͜ͳͦͫ͠ ͤͬͨ͞͠ ͻͳͨ ͫͯͮͰͤ͞ ͩͬͤ͠͞ͱ ͬ͠ ͩ͠�
ͳ͠Ͳͩͤʹ͛Ͳͤͨ ͫͨ͠ ͩͮͪͮ͠ʹͧ͞͠ ͯ͠ͻ ͮͪͮͩͪͦͰͽͲͨͫͤͱ ͩ͠ͳ͛ 3JFNBOO Ͳʹͬ͠Ͱͳ͝Ͳͤͨͱ ͦ ͮͯͮ͞͠ ͬ͠ Ͳʹ�
ͩͪͬͤͨ͢͞ 	ͩ͠ͳ͛ ͫͨ͠ ͵ʹͲͨͮͪͮͨͩ͢͝ ͬͬͮͨ͜͠
 Ͳͤ ͫͨ͠ Ͳʹͬ͛ͰͳͦͲͦ ͯͮʹ ͣͤͬ ͤͬͨ͞͠ ͮͪͮͩͪͦͰͽͲͨͫͦ ͩ͠ͳ͛
3JFNBOO� ̓ͨ͠ ͬ͠ ͯͮ͠͵ͤʹͶͧͮͼͬ ͮͨ ͳͤͶͬͨͩ͜ͱ ͠ʹͳ͜ͱ ͣʹͲͩͮͪͤ͞ͱ ͧ͠ ͯͰͯͤͨ͜ ͬ͠ ͶͰͦͲͨͫͮͯͮͨ͝Ͳͮʹͫͤ
ͳͦͬ ͬͬͮͨ͜͠ ͳͮʹ ͮͪͮͩͪͦͰͽͫ͠ͳͮͱ -FCFTHVF ͳͮ ͮͯͮͮ͞ ͫͤ ͳͦ ͲͤͨͰ͛ ͳͮʹ ͡͠Ͳͥͤ͞ͳͨ͠ Ͳͳͦͬ ͬͬͮͨ͜͠
ͳͮʹ ͫ͜ͳͰͮʹ -FCFTHVF ͨ͢͠ Ͳͼͬͮͪ͠� ͐ͮͪͼ ͤͬͨͩ͛͢ ͬ͠͠͵͜Ͱͮʹͫͤ ͻͳͨ ͳͮ ͫ͜ͳͰͮ -FCFTHVF Ͳͳͦͬ ͯͤ�
Ͱͯ͞ͳͲͦ ͶͰͬ͞ ͳͮʹ R2 ͬ͠ͳͨͲͳͮͨͶͤ͞ Ͳͳͦͬ ͬͬͮͨ͜͠ ͳͮʹ ͤͫͣͮ͡͠ͼ ʹͯͻ ͳͦͬ ͯͰͮͺͯͻͧͤͲͦ ͻͳͨ ͳ͠
ͶͰ͞͠ ͠ʹͳ͛ ͤͬͨ͞͠ ͠Ͱͩͤͳ͛ ͮͫͪ͛͠ ͽͲͳͤ ͬ͠ ͫͯͮͰͤ͞ ͬ͠ ͮͰͨͲͳͤ͞ ͤͫͣ͡͠ͻͬ� ́ͬ͛ͪͮ͢͠ Ͳͳͦͬ ͯͤͰ͞�
ͯͳͲͦ ͳͦͱ ͫ͞͠ͱ ͣͨ͛Ͳͳ͠Ͳͦͱ Ͳʹͬͣͤ͜ͳͨ͠ ͫͤ ͳͦͬ ͬͬͮͨ͜͠ ͳͮʹ ͫͩͮ͝ʹͱ� ́ͯͻ ͳͦͬ ͛ͪͪͦ ͫͤͰͨ͛ ͩ͛ͧͤ
Ͳʹͬ͛ͰͳͦͲͦ ͯͮʹ ͤͬͨ͞͠ ͮͪͮͩͪͦͰͽͲͨͫͦ ͩ͠ͳ͛ 3JFNBOO ͤͬͨ͞͠ ͮͪͮͩͪͦͰͽͲͨͫͦ ͩͨ͠ ͩ͠ͳ͛ -FCFTHVF
ͩͨ͠ ͳ͠ ͣͼͮ ͠ʹͳ͛ ͮͪͮͩͪͦͰͽͫ͠ͳ͠ Ͳʹͫͯͯ͞ͳͮʹͬ� ͓ͮ ͮͪͮͩͪ͝Ͱͫ͠ -FCFTHVF ͻͫͱ ͫ͠ͱ ͤͯͨͳͰͯͤͨ͜
ͬ͠ ͮͪͮͩͪͦͰͽͲͮʹͫͤ ͩͨ͠ ͫͦ ͮͫͪ͜͠ͱ Ͳʹͬ͠Ͱͳ͝Ͳͤͨͱ ͮͨ ͮͯͮͤ͞ͱ ͨ͢͠ ͧͤͰͦͳͨͩͮͼͱ ͪͻͮ͢ʹͱ ͯͰͯͤͨ͜ ͬ͠
ͲʹͫͯͤͰͨͪͦ͵ͧͮͼͬ Ͳͳͮʹͱ ͶͽͰͮʹͱ ͯͮʹ ͮͰ͞Ͳͫͤ͠�

͌ͨ͠ ͡͠Ͳͨͩ͝ ͨͣͨͻͳͦͳ͠ ͳͮʹ ͶͽͰͮʹ L2(I) ͯͮʹ ͯͰͯͤͨ͜ ͬ͠ ͬ͠͠͵͜Ͱͮʹͫͤ ͤͬͨ͞͠ ͦ ͩ͠ͻͪͮʹͧͦ� ̈́ͼͮ
Ͳʹͬ͠Ͱͳ͝Ͳͤͨͱ u, v ͨ͢͠ ͳͨͱ ͮͯͮͤ͞ͱ ͨͲͶͼͤͨ ͻͳͨ

∫
I |u− v| = 0 ͧ͠ ͯͰͯͤͨ͜ ͬ͠ ͧͤͰͮͼͬͳͨ͠ ͱ ͞Ͳͤͱ�

͏ͨ Ͳʹͬ͠Ͱͳ͝Ͳͤͨͱ u ͩͨ͠ v ͧ͠ ͜Ͷͮʹͬ ͠ʹͳ͝ ͳͦͬ ͨͣͨͻͳͦͳ͠ ͬ͠ u(x) = v(x) ͤͩͳͻͱ ͯ͠ͻ ͬ͜͠ Ͳͼͬͮͪͮ
ͯͮʹ ͜Ͷͤͨ ͫ͜ͳͰͮ -FCFTHVF ͫͦͣͬ͜� ͂ͤͨ͡͠ͱ Ͳͳͦͬ ͯͤͰͯ͞ͳͲͦ ͯͮʹ Ω ͤͬͨ͞͠ ͬ͜͠ ͣͨ͛Ͳͳͦͫ͠ Ͳͳͦ
ͫ͞͠ ͣͨ͛Ͳͳ͠Ͳͦ ͝ ͬ͜͠ ͵Ͱͫͬͮ͢͜͠ ͶͰͮ͞ Ͳͳͨͱ ͣͼͮ ͣͨ͠Ͳͳ͛Ͳͤͨͱ ͩͨ͠ u ͤͬͨ͞͠ ͫͨ͠ ͩͪ͠ͽͱ ͮͰͨͲͫͬͦ͜
Ͳʹͬ͛ͰͳͦͲͦ Ͳͳͮͬ L2(Ω) ͳͮ ͯͰͮͦͮ͢ͼͫͤͬͮ ͤͮͬ͢͢ͻͱ ͜Ͷͤͨ ͱ ͯͮ͠ͳͪͤ͜Ͳͫ͠ ͬ͠ ͫͦͬ ͫͯͮͰͮͼͫͤ ͬ͠

��



ͮͰ͞Ͳͮʹͫͤ ͫͤ Ͳ͠͵ͬͤͨ͝͠ ͳͮͬ ͯͤͰͨͮͰͨͲͫͮ ͳͦͱ u Ͳͳͮ ͲͼͬͮͰͮ ∂Ω ͳͮʹ ͶͰͮ͞ʹ Ω ͫͨ͠ͱ ͩͨ͠ ͠ʹͳͻ
ͤͬͨ͞͠ ͬ͜͠ ʹͯͮͲͼͬͮͪͮ ͫ͜ͳͰͮʹ ͫͦͣͬ͜� ̓ͨ͠ ͳͮͬ ͪͻͮ͢ ͠ʹͳͻ ͨ͢͠ ͬ͠ ͬͯ͠͠ͳͼͭͮʹͫͤ ͫͨ͠ ͠ʹͲͳͦͰ͝
ͧͤͰ͞͠ ͨ͢͠ ͳͦͬ ͤͯͪ͞ʹͲͦ ͯͰͮͪͦͫ͛͡ͳͬ ͲʹͬͮͰͨͩ͠ͽͬ ͳͨͫͽͬ ͤͬͨ͞͠ ͯ͠͠Ͱ͠͞ͳͦͳͮ ͬ͠ ͬ͢Ͱͥͮ͞ʹͫͤ
ͯͻͲͦ ͮͫͪ͠ͻͳͦͳ͠ 	ͣͦͪͣ͠͝ ͯͻͲͤͱ ͠Ͳͧͤͬͤ͞ͱ ͯ͠Ͱ͢͠ͽͮ͢ʹͱ
 ͯͰͯͤͨ͜ ͬ͠ ͜Ͷͤͨ ͫͨ͠ Ͳʹͬ͛ͰͳͦͲͦ ͽͲͳͤ
ͬ͠ ͮͰͥͮͬ͞ͳͨ͠ ͩͪ͠ͽͱ ͮͨ ͲʹͬͮͰͨͩ͜͠ͱ ͳͦͱ ͳͨͫ͜ͱ� ͌ͨ͠ ͯ͛ͬ͠ͳͦͲͦ Ͳͳͮ ͤͰͽͳͦͫ͠ ͠ʹͳͻ ͫ͠ͱ ͣͬͤͨ͞ ͳͮ
ͧͤͽͰͦͫ͠ ͳͮʹ ͞Ͷͬͮʹͱ 	USBDF
 ͳͮ ͮͯͮͮ͞ Ͳͳͦͬ ͯͤͰͯ͞ͳͲͦ ͯͮʹ Ω ⊂ R2 ͫ͠ͱ ͤͭ͠Ͳ͵ͪͥͤͨ͠͞ ͻͳͨ ͬ͠
ͧͤͰ͝Ͳͮʹͫͤ ͫͨ͠ Ͳʹͬ͛ͰͳͦͲͦ ͯͮʹ ͬͩͤͨ͠͝ Ͳͳͮͬ H1(Ω) ͩͨ͠ ͳͦͬ ͯͤͰͨͮͰ͞Ͳͮʹͫͤ Ͳͳͮ ͲͼͬͮͰͮ ∂Ω
ͳͻͳͤ ͯ͠Ͱ͛ͤͨ͢ ͫͨ͠ Ͳʹͬ͛ͰͳͦͲͦ ͯͮʹ ͬͩͤͨ͠͝ Ͳͳͮͬ ͶͽͰͮ L2(∂Ω)� ͓͜ͳͮͨͮʹ ͳͼͯͮʹ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠
ͤͬͨ͞͠ ͯ͠͠Ͱ͠͞ͳͦͳ͠ ͽͲͳͤ ͬ͠ ͫͯͮͰͮͼͫͤ ͬ͠ ͤͯͨͪͼͲͮʹͫͤ ͯͰͮͪͫ͡͝͠ͳ͠ ͲʹͬͮͰͨͩ͠ͽͬ ͳͨͫͽͬ Ͳͤ ͣͼͮ
͝ ͯͤͰͨͲͲͻͳͤͰͤͱ ͣͨ͠Ͳͳ͛Ͳͤͨͱ�

��� ˗̈˽˺̂˳̇ ˹˾˶̉̒̅̎̈˼ ̉̄̊ ̅̆̄˷̀˳́˶̉̄̇

͒ͳͦͬ ͯ͠Ͱ͛͢Ͱ͠͵ͮ ͠ʹͳ͝ ͧ͠ ͯ͠ͰͮʹͲͨ͛Ͳͮʹͫͤ ͳͦ ͪͤ͢ͻͫͤͬͦ ͠Ͳͧͤͬ͝ ͣͨ͠ͳͼͯͲͦ ͳͮʹ ͯͰͮͪ͡͝�
ͫ͠ͳͮͱ ͯͮʹ ͧ͠ ͫͤͪͤͳ͝Ͳͮʹͫͤ ͦ ͮͯͮ͞͠ ͻͯͱ ͤͯͫͤ͞͠ ͩͨ͠ Ͳͳͦͬ ͤͨͲ͢͢͠͝ ͳͮʹ ͩͤ͵ͪͮ͠͠͞ʹ ͠ʹͳͮͼ
ͤͬͨ͞͠ ͬ͜͠ ͯ͠ͻ ͳ͠ ͡͠Ͳͨͩ͛ ͲʹͲͳ͠ͳͨͩ͛ ͳͦͱ ͫͤͧͻͣͮʹ ͳͬ ͯͤͯͤͰ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞�

͈ͤͰͮͼͫͤ ͪͮͨͯͻͬ ͳͮ ͯͰͻͪͦͫ͡͠ 	����
 Ͳͳͮ ͮͯͮͮ͞ ʹͯͤͬͧʹͫͥͮ͞ʹͫͤ ͻͳͨ ͬͥͦ͠͠ͳͮͼͫͤ ͫͨ͠ Ͳʹ�
ͬ͛ͰͳͦͲͦ u ͦ ͮͯͮ͞͠ ͨͩͬͮͯͮͨͤ͠͞ ͳͦͬ ͤͭ͞ͲͲͦ

−u′′(x)− k2u(x) = f(x), x ∈ (0, L),

ͩͨ͠ ͳͨͱ ͲʹͬͮͰͨͩ͜͠ͱ Ͳʹͬͧͩͤ͝ͱ

u(0) = 0 ͩͨ͠ u′(L) = ikR u(L).

̓ͨ͠ ͳͦ Ͳʹͬ͛ͰͳͦͲͦ f ͧ͠ ʹͯͮͧ͜Ͳͮʹͫͤ ͻͳͨ ͬͩͤͨ͠͝ Ͳͳͮͬ L2(0, L)� ͯͨͯͪͮͬ͜ͅ ʹͯͮͧ͜ͳͮʹͫͤ ͻͳͨ
ʹͯ͛ͰͶͤͨ ͬ͜͠ͱ ͠Ͱͨͧͫͻͱ R ͫͤ 0 < R < L ͳ͜ͳͮͨͮͱ ͽͲͳͤ ͮ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ k ͬ͠ ͤͬͨ͞͠ Ͳͳͧͤ͠�
Ͱͻͱ ͨ͢͠ R < x < L ͤͬͽ ͳͮʹ ͤͯͨͳͰͯͮ͜ʹͫͤ ͬ͠ ͫͤͳ͛ͪͪͤ͠͡ͳͨ͠ Ͳͳͮ ͣͨ͛Ͳͳͦͫ͠ [0, R] ͪ͡� 	���
 ͩͨ͠
͒Ͷͫ͝͠ ����

͈ͤͰͮͼͫͤ ͳͮͬ ͶͽͰͮ Ͳʹͬ͠Ͱͳ͝Ͳͤͬ

V = H1
(0(0, L) := {u ∈ H1(0, L) : u(0) = 0}, 	����


ͪ͡� 	����
� ̈́ͤͣͮͫͬͮ͜ʹ ͻͳͨ ͦ f ∈ L2(0, L) ͧ͠ ʹͯͮͧ͜Ͳͮʹͫͤ ͳͮ ͯͰͻͪͦͫ͡͠ 	����
 ͜Ͷͤͨ ͫͮͬͣͨͩ͠͝
ͪͼͲͦ ͯͮʹ ͬͩͤͨ͠͝ Ͳͳͮͬ ͶͽͰͮ H2 ∩ V �

̓ͨ͠ ͬ͠ ͣͨ͠ͳʹͯͽͲͮʹͫͤ ͳͮ ͯͰͻͪͦͫ͡͠ Ͳͳͦͬ ͠Ͳͧͤͬ͝ ͳͮʹ ͫͮͰ͵͝ ͧͤͰͮͼͫͤ ͫͨ͠ ͣͮͩͨͫ͠Ͳͳͨͩ͝
Ͳʹͬ͛ͰͳͦͲͦ v ∈ V  ͯͮͪͪͯͪ͠͠Ͳͨ͛ͥͮʹͫͤ ͳͦͬ ͤͭ͞ͲͲͦ )FMNIPMU[ Ͳͳͦͬ 	����
 ͫͤ ͳͦ Ͳʹͥʹ͢͝ ͳͦͱ

��



v ͩͨ͠ ͮͪͮͩͪͦͰͽͬͮʹͫͤ ͯ͠ͻ 0 ͜ͱ L ͮͯͻͳͤ ͜Ͷͮʹͫͤ�

−
∫ L

0

u′′(x)v(x) dx−
∫ L

0

k2(x)u(x)v(x) dx =

∫ L

0

f(x)v(x) dx.

͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͩ͛ͬͮʹͫͤ ͮͪͮͩͪ͝ͰͲͦ ͩ͠ͳ͛ ͫ͜Ͱͦ Ͳͳͮͬ ͯͰͽͳͮ ͻͰͮ ͩͨ͠ ͡Ͱ͞Ͳͩͮʹͫͤ�

− u′(L)v(L) + u′(L)v(0) +

∫ L

0

u′(x)v′(x) dx−
∫ L

0

k2(x)u(x)v(x) dx

=

∫ L

0

f(x)v(x) dx.

͖ͰͦͲͨͫͮͯͮͨͮͼͫͤ ͳͦͬ %U/ ͲʹͬͮͰͨͩ͠͝ Ͳʹͬͧͩͦ͝ Ͳͳͦͬ 	����
 ͩͨ͠ ͳͮ ͤͮͬ͢͢ͻͱ ͻͳͨ v ∈ V  ͛Ͱ͠
v(0) = 0 ͩͨ͠ ͜Ͷͮʹͫͤ�

− ikRu(L)v(L) +

∫ L

0

u′(x)v′(x) dx−
∫ L

0

k2(x)u(x)v(x) dx

=

∫ L

0

f(x)v(x) dx.

́ͬ ͧ͜Ͳͮʹͫͤ

B(u, v) :=
∫ L

0

u′(x)v′(x) dx−
∫ L

0

k2(x)u(x)v(x) dx− ikRu(L)v(L)

= (u′, v′) + (k2u, v)− ikRu(L)v(L), 	����


ͩͨ͠ ͮͰ͞Ͳͮʹͫͤ ͳͮ Ͳʹͬ͠ͰͳͦͲͮͤͨͣ͜ͱ

F(v) :=

∫ L

0

f(x)v(x) dx = (f, v), 	����


ͳͻͳͤ ͦ ͓͚ͥ͗͐ͤ͟ ͣͨ͐͞͡ ͦͧ͡ ͔͓ͣ͐ͦͤ͢͡͝͞͡ ͤͬͨ͞͠�
́ͬͥͦ͠ͳͮͼͫͤ u ∈ V  ͳ͜ͳͮͨ͠ ͽͲͳͤ

B(u, v) = F(v), ͨ͢͠ ͩ͛ͧͤ v ∈ V, 	����


ͻͯͮʹ B(·, ·) ͤͬͨ͞͠ ͦ ͣͨ͢Ͱͫͫͨͩ͠͝ ͫͮͰ͵͝ ͯͮʹ ͮͰ͞Ͳͫͤ͠ Ͳͳͦͬ 	����
 ͩͨ͠ F(·) ͤͬͨ͞͠ ͳͮ ͢Ͱͫͫͨͩ͠ͻ
͵Ͱͫͬͮ͢͜͠ Ͳʹͬ͠ͰͳͦͲͮͤͨͣ͜ͱ ͯͮʹ ͮͰ͞Ͳͫͤ͠ Ͳͳͦͬ 	����
�

��� ˝ ̅̆̄̈˲˸˸˾̈˼ ̅˺̅˺̆˶̈́˲̂̎̂ ̈̉̄˾̌˺˴̎̂�(BMFSLJO ́˺ ˿˶̉˱ ̉́˳�

́˶̉˶ ˸̆˶́́˾˿˲̇ ̈̊̂˺̌˺˴̇ ̈̊̂˶̆̉˳̈˺˾̇

́ͰͶͨͩ͛ ͧͤͰͮͼͫͤ ͫͨ͠ ͣͨͫ͜͠ͰͨͲͦ ͳͮʹ ͣͨ͠Ͳͳͫ͝͠ͳͮͱ [0, L] Ͳͤ N ʹͯͮͣͨ͠Ͳͳͫ͝͠ͳ͠ 0 = x0 <

x1 < x2 < · · · < xN = L� ͨͣͨͩͅͻͳͤͰ͠ ͧ͠ ͧͤͰ͝Ͳͮʹͫͤ ͻͳͨ ͮ ͣͨͫͤ͠ͰͨͲͫͻͱ ͤͬͨ͞͠ ͮͫͮͨͻͫͮͰ͵ͮͱ

��



ͣͦͪͣ͠͝ xi = ih i = 0, 1, . . . , N  ͻͯͮʹ h = L/N ͤͬͨ͞͠ ͦ ͯ͠Ͱ͛ͫͤͳͰͮͱ ͣͨͩ͠Ͱͨͳͮͯͮͦ͞Ͳͦͱ ͩͨ͠
ͤͬͨ͞͠ ͞Ͳͦ ͫͤ ͳͮ ͫͩͮ͝ͱ ͳͮʹ ͩ͛ͧͤ ʹͯͮͣͨ͠Ͳͳͫ͝͠ͳͮͱ� ͒ͳ͠ Ͳͦͫͤ͞͠ xi ͧ͠ ͬ͠͠͵ͤͰͻͫ͠Ͳͳͤ ͱ ͔ͮͧͤ͜͞͡
ͤͬͽ Ͳͳ͠ ʹͯͮͣͨ͠Ͳͳͫ͝͠ͳ͠ [xi, xi+1] ͱ ͓ͥͦ͛ͩ͗͑͡�

͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͤͯͨͪͮ͜͢ʹͫͤ ͬͬ͜͠ ʹͯͻͶͰͮ ͓͗͗ͣͥ͢͢͞͏͙ͤ͟ ͖͎͓͙͛ͥͦͥͤ ͳͮʹ ͣ�Ͷ� V  ͜Ͳͳ Vh ͩͨ͠
ͯͨ͠͠ͳͮͼͫͤ ͬ͠ ͨͲͶͼͤͨ ͦ 	����
 Ͳͳͮͬ Vh� ̈́ͦͪͣ͠͝ ͬͥͦ͠͠ͳͮͼͫͤ uh ∈ Vh ͳ͜ͳͮͨ͠ ͽͲͳͤ

B(uh,χ) = F(χ), ͨ͢͠ ͩ͛ͧͤ χ ∈ Vh. 	����


͒ʹͩͤͩ͢Ͱͨͫͬ͜͠ ͧ͠ ͤͯͨͪͭͮ͜ʹͫͤ ͱ ʹͯͻͶͰͮ ͯͤͯͤͰ͠Ͳͫͬͦ͜ͱ ͣͨ͛Ͳͳ͠Ͳͦͱ ͳͮ Ͳͼͬͮͪͮ ͻͪͬ ͳͬ
Ͳʹͬ͠Ͱͳ͝Ͳͤͬ ͯͮʹ ͤͬͨ͞͠ ͲʹͬͤͶͤ͞ͱ Ͳͳͮ [0, L] ͫͦͣͤͬͥͮͬ͞ͳͨ͠ Ͳͳͮ ͛ͩͰͮ x = 0 ͩͨ͠ ͮ ͯͤͰͨͮͰͨͲͫͻͱ
ͳͮʹͱ Ͳͤ ͩ͛ͧͤ ʹͯͮͣͨ͛Ͳͳͦͫ͠ [xj, xj+1] ͤͬͨ͞͠ ͬ͜͠ ͯͮͪʹͽͬʹͫͮ ͯͰͽͳͮʹ ͧͫͮ͡͠ͼ� ͒ʹͫͮͪͨͩ͛͡

Vh = {φ ∈ C[0, L] : φ(0) = 0 ͩͨ͠ φ |[xj ,xj+1]∈ P1}. 	����


̈́ͤͬ ͤͬͨ͞͠ ͣͼͲͩͮͪͮ ͬ͠ ͯͮͣͤͭͤͨ͠͞ ͩͬͤ͠͞ͱ ͻͳͨ ͯͰ͛ͫ͢͠ͳͨ ͮ Vh ͤͬͨ͞͠ ͬ͜͠ͱ ʹͯͻͶͰͮͱ ͯͤͯͤͰ͠Ͳͫͬͦ͜ͱ
ͣͨ͛Ͳͳ͠Ͳͦͱ ͳͮʹ V  ͪ͡� ͯ�Ͷ� <�> ͩͨ͠ ͻͳͨ EJNVh = N � ͌ͨ͠ ͛͡Ͳͦ ͳͮʹ Vh ͯͮ͠ͳͤͪͤ͞ ͳͮ Ͳͼͬͮͪͮ
B = {φ1,φ2, . . . ,φN} ͻͯͮʹ

φi(x) =






x−xi−1

xi−xi−1
, xi−1 ≤ x ≤ xi,

xi+1−x
xi+1−xi

, xi ≤ x ≤ xi+1,

0, ͪͪͮ͠ͼ,

ͨ͢͠ i = 1, . . . , N  ͣͦͪͣ͠͝ φi ͤͬͨ͞͠ ͮͨ ͬ͢Ͳͳ͜ͱ Ͳʹͬ͠Ͱͳ͝Ͳͤͨͱ kͲͳͦ͜͢ͱ{ 	IBU GVODUJPOT
 ͪ͡�
͒Ͷͫ͝͠ ����

0 L

x0 x1 xi xi+1xi�1 xNxN�1x2 x3 . . . . . .

�1 �2 �i �N�1 �N

͒Ͷͫ͝͠ ���� ͒ʹͬ͠Ͱͳ͝Ͳͤͨͱ ͛͡Ͳͦͱ ͳͮʹ Vh�

͐Ͱͮ͵ͬ͠ͽͱ φi ∈ Vh ͨ͢͠ i = 1, . . . , N  ͩͨ͠ φi(xj) =





1, i = j

0, i (= j
 ͨ͢͠ i, j = 1, . . . , N �

̈́ͤͣͮͫͬͮ͜ʹ ͻͳͨ φi ∈ Vh ͩͨ͠ ͦ 	����
 ͨͲͶͼͤͨ ͨ͢͠ ͩ͛ͧͤ χ ∈ Vh ͜Ͷͮʹͫͤ ͻͳͨ

(u′
h,φ

′
i)− (k2uh,φi)− ikRuh(L)φi(L) = (f,φi), ∀i = 1, . . . , N. 	����


��



̓Ͱ͛͵ͮʹͫͤ ͳͦͬ ͛ͬ͢Ͳͳͦ Ͳʹͬ͛ͰͳͦͲͦ uh 	ͯͮʹ ͤͬͨ͞͠ ͲͳͮͨͶͤͮ͞ ͳͮʹ Vh
 ͱ ͢Ͱͫͫͨͩ͠ͻ Ͳʹͬͣʹ͠�
Ͳͫͻ ͳͬ ͲͳͮͨͶͤͬ͞ ͳͦͱ ͛͡Ͳͦͱ B ͣͦͪͣ͠͝

uh(x) =
N∑

j=1

aj φj(x). 	����


ͯͮͫͬ͜ͅͱ ͨ͢͠ ͬ͠ ͯͰͮͲͣͨͮͰ͞Ͳͮʹͫͤ ͫͨ͠ ͯͰͮͲͨ͜͢͢Ͳͦ ͳͦͱ ͪͼͲͦͱ u ͯͰͯͤͨ͜ ͬ͠ ʹͯͮͪͮ͢͞Ͳͮʹͫͤ
ͳͮʹͱ ͲʹͬͳͤͪͤͲͳ͜ͱ aj  j = 1, . . . , N �

́ͬͳͨͩͧͨ͠Ͳͳͮͼͫͤ ͳͦͬ 	����
 Ͳͳͦͬ 	����
 ͩͨ͠ ͜Ͷͮʹͫͤ �

( N∑

j=1

aj φ
′
j,φ

′
i

)
−

(
k2

N∑

j=1

aj φj,φi

)
− ikR

N∑

j=1

aj φj(L)φi(L)

= (f,φi), i = 1, . . . , N

⇒
N∑

j=1

(φ′
j,φ

′
i) aj −

N∑

j=1

(k2φj,φi) aj − ikR

N∑

j=1

aj φj(xN)φi(xN)

= (f,φi), i = 1, . . . , N.

̽ͫͱ φj(xN) = 0 ͨ͢͠ j (= N  φi(xN) = 0 ͨ͢͠ i (= N  ͤͬͽ φN(xN) = 1� ̸Ͱ͠
N∑

j=1

[
(φ′

j,φ
′
i)− (k2φj,φi)

]
aj − ikR aN = (f,φi), i = 1, . . . , N. 	����


̈́ͦͪͣ͠͝ ͩ͠ͳͪͭͫͤ͠͝͠ Ͳͤ ͬ͜͠ N ×N ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ ͳͦͱ ͫͮͰ͵͝ͱ

Aa = F , 	����


ͻͯͮʹ

a =





a1
���
aN



 , F =





F1

���
FN



 , ͫͤ Fi = (f,ϕi),

ͩͨ͠ A ͤͬͨ͞͠ ͮ N ×N ͯͬͩ͞͠͠ͱ ͳͮʹ ͮͯͮͮ͞ʹ ͳͮ ijۗͲͳͮͨͶͤͮ͞ ͨ͢͠ i, j = 1, . . . , N  ͤͬͨ͞͠ ͞Ͳͮ ͫͤ

Aij = (φ′
j,φ

′
i)− (k2φj,φi),

ͤͩͳͻͱ ͯ͠ͻ ͳͮ ͲͳͮͨͶͤͮ͞ ANN ͯͮʹ ͤͬͨ͞͠ ͞Ͳͮ ͫͤ

ANN = (φ′
N ,φ

′
N)− (k2φN ,φN)− ikR.

̈́ͤͣͮͫͬͮ͜ʹ ͻͳͨ ͮ ͵ͮͰ͜͠ͱ ͳͦͱ φi TVQQ(φi) = [xi−1, xi+1] ͜Ͷͮʹͫͤ ͻͳͨ Aii (= 0 ͨ͢͠ 1 ≤ i ≤ N 
Ai,i+1 (= 0 ͩͨ͠ Ai+1,i (= 0 ͨ͢͠ 1 ≤ i ≤ N − 1 ͤͬͽ ͻͪ͠ ͳ͠ ͛ͪͪ͠ ͲͳͮͨͶͤ͞͠ ͳͮʹ ͯͬͩ͞͠͠ Aij = 0�
͒ʹͬͤͯͽͱ ͮ ͯͬͩ͞͠͠ͱ A ͤͬͨ͞͠ ͠Ͱͨ͠ͻͱ ͩͨ͠ Ͳʹͩͤͩ͢Ͱͨͫͬ͜͠ ͳͰͨͣͨ͢͠ͽͬͨͮͱ�

��



ˠ˺̋˱̀˶˾̄ �

˗̆˾˽́˼̉˾˿˱ ˦˺˾̆˱́˶̉˶

��� ˦˺̆˾˸̆˶̋˳ ̉̄̊ ̅̆̄˸̆˱́́˶̉̄̇ ̉̎̂ ̅˺̅˺̆˶̈́˲̂̎̂ ̈̉̄˾̌˺˴̎̂

̓ͨ͠ ͳͦͬ ʹͪͮͯͮͦ͞Ͳͦ ͳͦͱ ͫͤͧͻͣͮʹ ͯͤͯͤͰ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞ ͯͮʹ ͯͤͰͨ͢Ͱ͛ͷͫͤ͠ Ͳͳͦͬ ͐͠�
Ͱ͛͢Ͱ͠͵ͮ ��� ͧ͠ ͶͰͦͲͨͫͮͯͮͨ͝Ͳͮʹͫͤ ͬͬ͜͠ ͩͽͣͨͩ͠ ͯͤͯͤͰ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞ ͯͮʹ ͜Ͷͤͨ ͢Ͱ͠͵ͤ͞
ͯ͠ͻ ͳͮͬ +PIO #VSLBSEU <�> Ͳͤ ."5-"#� ͏ ͩͽͣͨͩ͠ͱ ͠ʹͳͻͱ Ͳͳͦͬ ͠ͰͶͨͩ͝ ͳͮʹ ͫͮͰ͵͝ ͲͶͤͣͨ͛�
Ͳͳͦͩͤ ͽͲͳͤ ͬ͠ ͪͼͬͤͨ ͯͰͮͪͫ͡͝͠ͳ͠ ͲʹͬͮͰͨͩ͠ͽͬ ͳͨͫͽͬ ͨ͢͠ Ͳʹͬͧͤͨ͝ͱ ͣͨ͠͵ͮͰͨͩ͜ͱ ͤͭͨͲͽͲͤͨͱ ͳͦͱ
ͫͮͰ͵͝ͱ

−
(
p(x)u′(x)

)′
+ q(x)u(x) = f(x), ͨ͢͠ x ∈ [a, b],

ͻͯͮʹ p, q, f ͬ͢Ͳͳ͜ͱ Ͳʹͬ͠Ͱͳ͝Ͳͤͨͱ ͤͬͽ Ͳͳ͠ ͛ͩͰ͠ x = a ͩͨ͠ x = b ͣͬͮͬ͞ͳͨ͠ ͲʹͬͮͰͨͩ͜͠ͱ
Ͳʹͬͧͩͤ͝ͱ ͳͼͯͮʹ %JSJDIMFU ͝ /FVNBOO� ͓ͮͬ ͩͽͣͨͩ͠ ͠ʹͳͻͬ ͳͮͬ ͳͰͮͯͮͯͮͨ͝Ͳͫͤ͠ ͽͲͳͤ ͬ͠ ͤͯͨͪͼͤͨ
ͳͮ ͯͰͻͪͦͫ͡͠ ͲʹͬͮͰͨͩ͠ͽͬ ͳͨͫͽͬ 	����
� ͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͧ͠ ͣͽͲͮʹͫͤ ͫͨ͠ Ͳͼͬͳͮͫͦ ͯͤͰͨ͢Ͱ͠͵͝
ͳͬ ͡͠Ͳͨͩͽͬ ͲʹͬͨͲͳͲͽͬ ͳͮʹ ͯͰͮ͢Ͱ͛ͫͫ͠ͳͮͱ ͠ʹͳͮͼ ͩͧ͠ͽͱ ͩͨ͠ ͳͬ ͪͪ͢͠͠ͽͬ ͯͮʹ ͩ͛ͬͫͤ͠
ͽͲͳͤ ͬ͠ ͤͯͨͪͼͲͮʹͫͤ ͳͮ Ͳʹͩͤͩ͢Ͱͨͫͬͮ͜ ͯͰͻͪͦͫ͡͠�

͓ͮ ͩʹͰ͞ͱ ͯͰͻ͢Ͱͫͫ͠͠ ͮͬͮͫ͛ͥͤͳͨ͠ GFN�E�N� ͒ͤ ͠ʹͳͻ ͩͧͮ͠Ͱͥͮ͞ʹͫͤ ͳͮ ͯͪͧͮ͝ͱ 	N 
 ͳͬ
ʹͯͮͣͨ͠Ͳͳͦͫ͛ͳͬ 	ͲͳͮͨͶͤͬ͞
 Ͳͳ͠ ͮͯͮ͞͠ ͶͰͥͮ͞ʹͫͤ ͳͮ ͣͨ͛Ͳͳͦͫ͠ [0, L]� ͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͳͮ ͩʹ�
Ͱ͞ͱ ͯͰͻ͢Ͱͫͫ͠͠ ͩͪͤ͠͞ ͫͤ ͳͦ ͲͤͨͰ͛ ͳͨͱ ͩ͠ͻͪͮʹͧͤͱ Ͳʹͬ͠Ͱͳ͝Ͳͤͨͱ�

JOJU�N � ͇ Ͳʹͬ͛ͰͳͦͲͦ ͠ʹͳ͝ ͠ͰͶͨͩͮͯͮͨͤ͞ ͳͨͱ ͣͨ͛͵ͮͰͤͱ ͫͤͳͪͦ͠͡ͳ͜ͱ ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͮͱ ͩͨ͠ ͳͮ
ͣͨ͛Ͳͳͦͫ͠ [0, L] Ͳͳͮ ͮͯͮͮ͞ ͬͥͦ͠͠ͳͮͼͫͤ ͳͦ ͪͼͲͦ� ͯͨͯͪͮͬ͜ͅ ͤͣͽ ͩͧͮ͠Ͱͥͤ͞ͳͨ͠ ͳͮ ͤͣͮ͞ͱ
ͳͬ ͲʹͬͮͰͨͩ͠ͽͬ Ͳʹͬͧͦͩͽͬ Ͳͳ͠ ͛ͩͰ͠ x = 0 ͩͨ͠ x = L� ͒ʹͩͤͩ͢Ͱͨͫͬ͜͠ Ͳͳͮ ͛ͩͰͮ x = 0

ͤͯͨ͛ͪͪͮ͡ʹͫͤ Ͳʹͬͧͩͦ͝ %JSJDIMFU ͤͬͽ Ͳͳͮ ͛ͩͰͮ x = L ͤͯͨͪͮ͜͢ʹͫͤ ͠ͰͶͨͩ͛ ͫͨ͠ Ͳʹͬͧͩͦ͝
ͳͼͯͮʹ /FVNBOO ͽͲͳͤ ͬ͠ ͩͧͮ͠ͰͨͲͳͤ͞ ͲͲͳ͛ ͳͮ ͯͪͧͮ͝ͱ ͳͬ Ͳʹͬ͠Ͱͳ͝Ͳͤͬ ͛͡Ͳͦͱ ͳͮʹ
Vh ͪ͡� ͒Ͷͫ͝͠ ���� ͓ͪͮ͜ͱ ͩͧͮ͠Ͱͥͮ͞ʹͫͤ ͻͳͨ ͨ͢͠ ͳͮͬ ʹͯͮͪͮͨ͢Ͳͫͻ ͮͪͮͩͪͦͰͫ͛ͳͬ Ͳͤ ͩ͛ͧͤ
ʹͯͮͣͨ͛Ͳͳͦͫ͠ ͧ͠ ͶͰͦͲͨͫͮͯͮͨͦͧͤ͞ ͮ ͩͬ͠ͻͬ͠ͱ ͳͮʹ ͫ͜Ͳͮʹ Ͳͼͫ͵ͬ͠ ͫͤ ͳͮͬ ͮͯͮͮͬ͞

∫ β

α

g(x) dx ≈ (β − α) g
(α + β

2

)
.

HFPNFUSZ�N � ͇ Ͳʹͬ͛ͰͳͦͲͦ ͠ʹͳ͝ ͣ͜Ͷͤͳͨ͠ ͱ ͤ͞Ͳͮͣͮ ͳ͠ ͣͤͣͮͫͬ͜͠ ͤͭͻͣͮʹ ͳͦͱ JOJU�N ͩͨ͠ ͤͯͨ�
ͲͳͰ͜͵ͤͨ ͬ͜͠ ͣͨ͛ͬʹͲͫ͠ ͫͤ ͳ͠ ͫͩͦ͝ ͳͬ ʹͯͮͣͨ͠Ͳͳͦͫ͛ͳͬ ͳͮʹ ͣͨͫͤ͠ͰͨͲͫͮͼ ͫ͠ͱ ͬ͜͠ ͣͨ͛�

��



ͬʹͲͫ͠ ͫͤ ͳͨͱ Ͳʹͬͳͤͳͫͬͤ͢͜͠ͱ ͳͬ ͩͻͫͬ͡ ͳͮʹ ͣͨͫͤ͠ͰͨͲͫͮͼ ͫ͠ͱ ͬ͜͠ ͣͨ͛ͬʹͲͫ͠ ͫͤ ͳͨͱ Ͳʹ�
ͬͳͤͳͫͬͤ͢͜͠ͱ ͳͬ ͩͻͫͬ͡ ͮͪͮͩͪ͝ͰͲͦͱ 	ͫ͜Ͳ͠ ͳͬ ʹͯͮͣͨ͠Ͳͳͦͫ͛ͳͬ
 ͩͧ͠ͽͱ ͩͨ͠ ͬͬ͜͠
ͯͬͩ͞͠͠ ͩͨ͠ ͬ͜͠ ͣͨ͛ͬʹͲͫ͠ ͣͤͨͩͳͽͬ ͯͮʹ ͯͤͰͨ͜Ͷͮʹͬ ͳͦͬ ͪͤ͢ͻͫͤͬͦ ͮͪͨͩ͝�Ͳͤ�ͳͮͯͨͩ͝ ͠Ͱͧ͞�
ͫͦͲͦ 	HMPCBM�UP�MPDBM OVNCFSJOH
 ͪ͡� <� Ͳͤͪ� ��ۗ��> ͯͮʹ ͤͬͨ͞͠ ͯ͠͠Ͱ͠͞ͳͦͳ͠ ͨ͢͠ ͳͮ ͪͤ�
͢ͻͫͤͬͮ BTTFNCMZ ͳͮʹ ͯͬͩ͞͠͠ A�

BTTFNCMF�N � ͇ Ͳʹͬ͛ͰͳͦͲͦ ͠ʹͳ͝ ͣ͜Ͷͤͳͨ͠ ͱ ͤ͞Ͳͮͣͮ ͳ͠ ͯͰͮͦͮ͢ͼͫͤͬ͠ ͣͤͣͮͫͬ͜͠ ͩͨ͠ ʹͪͮ�
ͯͮͨͤ͞ ͳͮ ͪͤ͢ͻͫͤͬͮ BTTFNCMZ 	kͲʹͬ͠Ͱͫͮͪͻͦ͢Ͳͦ{
 ͳͮʹ ͯͬͩ͞͠͠ A ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ 	����

ͩͨ͠ ͳͮʹ ͣͨͬ͠ͼͲͫ͠ͳͮͱ ͳͬ Ͳͳͧͤ͠Ͱͽͬ ͻͰͬ F � ͒ʹͤͩ͢Ͱͨͫͬ͜͠ ͤͯͨͲͳͰ͜͵ͤͨ ͳ͜ͲͲͤͰ͠ ͣͨ͠�
ͬͼͲͫ͠ͳ͠ ͳ͠ ͳͰ͞͠ ͯͰͽͳ͠ ͯͤͰͨ͜Ͷͮʹͬ ͳ͠ ͲͳͮͨͶͤ͞͠ ͳͦͱ ͣͨͬͮ͢͠͞ʹ ͳͦͱ ʹͯͮͣͨͬͮ͢͠͞ʹ ͩͨ͠
ͳͦͱ ʹͯͤͰͣͨͬͮ͢͠͞ʹ ͳͮʹ ͳͰͨͣͨ͢͠ͽͬͨͮʹ ͯͬͩ͞͠͠A ͬ͠ͳ͞ͲͳͮͨͶ͠ ͤͬͽ ͳͮ ͳ͜ͳ͠Ͱͳͮ ͳ͠ ͲͳͮͨͶͤ͞͠
ͳͮʹ ͣͨͬ͠ͼͲͫ͠ͳͮͱ F � ̓ͨ͠ ͬ͠ ͳͮ ͯͤͳͼͶͤͨ ͠ʹͳͻ kͫͯͬͤͨ͠͞{ Ͳͤ ͩ͛ͧͤ ͲͳͮͨͶͤͮ͞ 	ʹͯͮͣͨ͛Ͳͳͦͫ͠

ͩͨ͠ kͫͥͤ͠ͼͤͨ{ ͳͦ ͲʹͬͤͨͲ͵ͮͰ͛ ͨ͢͠ ͳͮͬ ʹͯͮͪͮͨ͢Ͳͫͻ ͳͬ ͲͳͮͨͶͤͬ͞ ͳͮʹ ͯͬͩ͞͠͠ ͩͨ͠ ͳͮʹ
ͣͨͬ͠ͼͲͫ͠ͳͮͱ ͳͬ Ͳͳͧͤ͠Ͱͽͬ ͻͰͬ ʹͯͮͪͮͥͮͬ͢͞ͳ͠ͱ ͻͯͱ ͣͦ͝ ͬ͠͠͵͜Ͱͫͤ͠ ͫͤ ͳͮͬ ͩͬ͠ͻͬ͠
ͳͮʹ ͫ͜Ͳͮʹ ͳ͠ ͬ͠ͳ͞ͲͳͮͨͶ͠ ͮͪͮͩͪͦͰͽͫ͠ͳ͠�

TPMWF�N � ͇ Ͳʹͬ͛ͰͳͦͲͦ ͠ʹͳ͝ ͤͯͨͪͼͤͨ ͳͮ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ 	����
 ͻͯͮʹ A ͤͬͨ͞͠ ͮ ͫͨͣͨͩ͢͠ͻͱ
ͳͰͨͣͨ͢͠ͽͬͨͮͱ ͯͬͩ͞͠͠ͱ ͯͮʹ ͳ͠ ͲͳͮͨͶͤ͞͠ ͳͮʹ ͳ͠ ͮͰ͞Ͳͫͤ͠ Ͳͳͮ ͳͪͮ͜ͱ ͳͦͱ ͐͠Ͱ͢͠Ͱ͛͵ͮʹ ����
͇ ͫͧͮͣͮ͜ͱ ͤͯͪ͞ʹͲͦͱ ͯͮʹ ͩͮͪͮ͠ʹͧͤ͞ͳͨ͠ ͤͬͨ͞͠ ͦ ͬ͛ͪ͠ʹͲͦ -6 ͨ͢͠ ͳͰͨͣͨ͢͠ͽͬͨ͠ ͲʹͲͳ͝�
ͫ͠ͳ͠ ͪ͡� <� ͐͠Ͱ� ���>�

-�)�OPSNT�N � ́ʹͳ͝ ͤͬͨ͞͠ ͫͨ͠ Ͳʹͬ͛ͰͳͦͲͦ ͯͮʹ ͩ͠ͳ͠Ͳͩͤʹ͛Ͳͫͤ͠ ͤͫͤ͞ͱ ͽͲͳͤ ͬ͠ ʹͯͮͪͮ͢͞�
Ͳͮʹͫͤ ͳͮ Ͳ͵͛ͪͫ͠ ͳͦͱ ͯͰͮͲͤͨ͢͢Ͳͳͨͩ͝ͱ ͪͼͲͦͱ uh ͯͮʹ ͫ͠ͱ ͣͬͤͨ͞ ͦ ͫͧͮͣͮ͜ͱ ͯͤͯͤͰ͠Ͳͫ͜�
ͬͬ ͲͳͮͨͶͤͬ͞ Ͳͤ ͲͶ͜Ͳͦ ͫͤ ͳͦͬ ͩ͠Ͱͨ͡͝ ͪͼͲͦ u ͻͳͬ͠ ͤ͡͡͠͞ͱ ͠ʹͳ͝ ͫͯͮͰͤ͞ ͬ͠ ͡Ͱͤͧͤ͞
ͬͪ͠͠ʹͳͨͩ͛ ͻͯͱ Ͳʹͫͬͤͨ͡͠͞ ͯ�Ͷ� Ͳͳͦͬ ͯͤͰͯ͞ͳͲͦ ͯͮʹ ͮ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ k ͤͬͨ͞͠ Ͳͳͧͤ͠�
Ͱͻͱ� ͒ʹͩͤͩ͢Ͱͨͫͬ͜͠ ʹͯͮͪͮͥͮ͢͞ʹͫͤ ͳͨͱ ͯͮͲͻͳͦͳͤͱ ‖u−uh‖ ͩͨ͠ ‖u−uh‖1 ͯͮʹ ͤͩ͵Ͱ͛ͥͮʹͬ
ͳͮ ͯ͠ͻͪʹͳͮ Ͳ͵͛ͪͫ͠ ͱ ͯͰͮͱ ͳͦͬ L2 ͩͨ͠ ͳͦͬ H1 ͬͻͰͫ͠ ͬ͠ͳ͞ͲͳͮͨͶ͠ ͝ ͳ͠ ͬ͠ͳ͞ͲͳͮͨͶ͠
ͲͶͤͳͨͩ͛ Ͳ͵͛ͪͫ͠ͳ͠ ‖u−uh‖

‖u‖ ͩͨ͠ ‖u−uh‖1
‖u‖1 �

̓ͨ͠ ͳͦͬ ͯͰͮͲͨ͜͢͢Ͳͦ ͳͬ ͮͪͮͩͪͦͰͫ͛ͳͬ Ͳͤ ͩ͛ͧͤ ʹͯͮͣͨ͛Ͳͳͦͫ͠ ͳͮʹ ͣͨͫͤ͠ͰͨͲͫͮͼ ͫ͠ͱ
ͯͮʹ ͯͨ͠͠ͳͮͼͬͳͨ͠ ͨ͢͠ ͳͮͬ ʹͯͮͪͮͨ͢Ͳͫͻ ͳͮʹ L2 ͩͨ͠ ͳͮʹ H1 Ͳ͵͛ͪͫ͠ͳͮͱ ͶͰͦͲͨͫͮͯͮͨͮͼͫͤ
ͳͮͬ ͳͼͯͮ ͠Ͱͨͧͫͦͳͨͩ͝ͱ ͮͪͮͩͪ͝ͰͲͦͱ (BVTT�-FHFOESF ͫͤ ͣͼͮ Ͳͦͫͤ͞͠�

∫ 1

−1

g(t) dt ≈ w0g(t0) + w1g(t1), 	���


ͻͯͮʹ ͳ͠ ͛͡Ͱͦ ͤͬͨ͞͠ w0 = w1 = 1 ͩͨ͠ ͮͨ ͩͻͫͮͨ͡ ͤͬͨ͞͠ t0 = − 1√
3
ͩͨ͠ t1 = 1√

3
�

̓ͨ͠ ͬ͠ ͯͰͮͲͤ͢͢͞Ͳͮʹͫͤ ͳͦͬ ͳͨͫ͝ ͳͮʹ ͮͪͮͩͪͦͰͽͫ͠ͳͮͱ ͫͨ͠ͱ Ͳʹͬ͛ͰͳͦͲͦͱ g Ͳͤ ͬ͜͠ ͛ͪͪͮ

��



ͣͨ͛Ͳͳͦͫ͠ [a, b]
∫ b

a g(x) dx ͩ͛ͬͮʹͫͤ ͳͦͬ ͪͪ͢͠͠͝ ͫͤͳͪͦ͠͡ͳ͝ͱ

x =
b− a

2
t+

b+ a

2
⇔ t =

2x− (b+ a)

b− a
,

ͮͯͻͳͤ
∫ b

a

g(x) dx =

∫ 1

−1

g
(b− a

2
t+

b+ a

2

)b− a

2
dt

=
b− a

2

∫ 1

−1

g
(b− a

2
t+

b+ a

2

)
dt

	���

≈ b− a

2

[
g
(b+ a

2
− b− a

2
√
3

)
+ g

(b+ a

2
+

b− a

2
√
3

)]
.

͒ͤ ͻͪͤͱ ͳͨͱ ͯͤͰͨͯͳͽͲͤͨͱ ͯͮʹ ͧ͠ ͣͮͼͫͤ Ͳͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͧ͠ ͧͤͰ͝Ͳͮʹͫͤ ͬͬ͜͠ ͮͫͮͨͻͫͮͰ͵ͮ ͣͨͫͤ͠�
ͰͨͲͫͻ ͳͮʹ ͣͨ͠Ͳͳͫ͝͠ͳͮͱ [0, L] ͫͤ N ʹͯͮͣͨ͠Ͳͳͫ͝͠ͳ͠ ͮͯͻͳͤ ͦ ͯ͠Ͱ͛ͫͤͳͰͮͱ ͣͨͩ͠Ͱͨͳͮͯͮͨ͝Ͳͦͱ
h = L/N �

��� ˨̊˸˿̆˴̈˺˾̇ ́˺ ˶˿̆˾˷˳ ̀̒̈˼

͒ͳͦͬ ͯ͠Ͱ͛͢Ͱ͠͵ͮ ͠ʹͳ͝ ͧ͠ ͯ͠ͰͮʹͲͨ͛Ͳͮʹͫͤ ͳ͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠ ͣͨ͠͵ͻͰͬ ͠Ͱͨͧͫͦͳͨͩͽͬ ͯͤͨ�
Ͱͫ͛͠ͳͬ ͻͳͬ͠ ͮ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ k ͤͬͨ͞͠ Ͳͳͧͤ͠Ͱͻͱ� ͒ͳͦͬ ͯͤͰͯ͞ͳͲͦ ͠ʹͳ͝ ͫͯͮͰͮͼͫͤ ͬ͠ ʹͯͮͪͮ�
͢͞Ͳͮʹͫͤ ͳͦͬ ͩ͠Ͱͨ͡͝ ͪͼͲͦ ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͮͱ ͫ͜Ͳ ͳͦͱ Ͳʹͬ͛ͰͳͦͲͦͱ (SFFO ͻͯͱ ͣͬͤ͞ͳͨ͠ ͯ͠ͻ
ͳͮͬ ͳͼͯͮ 	����
� ́ʹͳͻ ͧ͠ ͫ͠ͱ ͤͯͨͳͰ͜ͷͤͨ ͬ͠ ͲͶͤͣͨ͛Ͳͮʹͫͤ ͯͤͨͰ͛ͫ͠ͳ͠ Ͳͳ͠ ͮͯͮ͞͠�

͠
 ͧ͠ ͤͩͳͨͫ͝Ͳͮʹͫͤ ͠Ͱͨͧͫͦͳͨͩ͛ ͳͦͬ ͳ͛ͭͦ ͩ͠Ͱͤͨ͞͡͠ͱ ͳͦͱ ͫͤͧͻͣͮʹ ͱ ͯͰͮͱ ͳͦͬ L2 ͩͨ͠ ͳͦͬ
H1 ͬͻͰͫ͠

͡
 ͧ͠ ͣͨͤͰͤʹͬ͝Ͳͮʹͫͤ ͳͮͬ ͳͰͻͯͮ ͤͭ͛ͰͳͦͲͦͱ ͳͮʹ ͲͶͤͳͨͩͮͼ Ͳ͵͛ͪͫ͠ͳͮͱ ͱ ͯͰͮͱ ͳͦͬ L2 ͩͨ͠
ͳͦͬ H1 ͬͻͰͫ͠ ͯ͠ͻ ͳͮͬ ͩʹͫ͠ͳ͠Ͱͨͧͫͻ k ͩͨ͠ ͳͦͬ ͯ͠Ͱ͛ͫͤͳͰͮ ͣͨͩ͠Ͱͨͳͮͯͮͦ͞Ͳͦͱ h = L/N 
ͩͨ͠

͢
 ͧ͠ ͣͨͤͰͤʹͬ͝Ͳͮʹͫͤ ͬ͠ ͦ ͧ͜Ͳͦ ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹ L ͤͯͦͰͤ͛ͥͤͨ ͳͦͬ ͠Ͱͨͧͫͦͳͨͩ͝ ͫ͠ͱ
ͪͼͲͦ�

͒ͤ ͻͪ͠ ͳ͠ ͠Ͱͨͧͫͦͳͨͩ͛ ͯͤͨͰ͛ͫ͠ͳ͠ ͤͯͨͪͭͫͤ͜͠ ͳͦ Ͳʹͬ͛ͰͳͦͲͦ f  ͯͮʹ ͤͫ͵ͬͥͤ͠͞ͳͨ͠ Ͳͳͮ ͣͤͭ͞ ͫͪͮ͜ͱ
ͳͦͱ 	����
 ͬ͠ ͤͬͨ͞͠ ͫͨ͠ ̓ͩͮ͠ʹͲͨͬ͠͝ ͳͦͱ ͫͮͰ͵͝ͱ

f(x) = Ae
(x−µ)2

2σ2 . 	���


̓ͨ͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠ Ͳͳͮ ͒Ͷͫ͝͠ ��� ͯͤͨͩͮͬͥͤ͠͞ͳͨ͠ ͦ ͢Ͱ͠͵ͨͩ͝ ͯ͠Ͱ͛Ͳͳ͠Ͳͦ ͳͦͱ Ͳʹͬ͛ͰͳͦͲͦͱ f ͨ͢͠
x ∈ [0, 6] A = 10 µ = 3 ͩͨ͠ σ = 1/5�

��
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10
f(x)

͒Ͷͫ͝͠ ���� ͇ ͢Ͱ͠͵ͨͩ͝ ͯ͠Ͱ͛Ͳͳ͠Ͳͦ ͳͦͱ Ͳʹͬ͛ͰͳͦͲͦͱ f  ͪ͡� 	���
 ͨ͢͠ A = 10 µ = 3 ͩͨ͠ σ = 1/5�

����� ́Ͱͨͧͫͦͳͨͩͻͱ ʹͯͮͪͮͨ͢Ͳͫͻͱ ͳͦͱ ͳ͛ͭͦͱ ͩ͠Ͱͤͨ͞͡͠ͱ ͳͦͱ ͫͤͧͻͣͮʹ

͏ ͲͳͻͶͮͱ ͳͮʹ ͯͰͽͳͮʹ ͠Ͱͨͧͫͦͳͨͩͮͼ ͫ͠ͱ ͯͤͨͰ͛ͫ͠ͳͮͱ ͤͬͨ͞͠ ͬ͠ ͤͪͭͮ͜͢ʹͫͤ ͠Ͱͨͧͫͦͳͨͩ͛ ͳͦͬ
ͳ͛ͭͦ ͩ͠Ͱͤͨ͞͡͠ͱ ͳͦͱ ͫͤͧͻͣͮʹ� ͬͨ͞͠ͅ ͬ͢Ͳͳͻ ͪ͡� ͯ�Ͷ� <�� ��> ͻͳͨ ͬ͠ u ͤͬͨ͞͠ ͦ ͩ͠Ͱͨ͡͝ͱ ͪͼͲͦ
ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͮͱ 	����
 ͩͨ͠ uh ͤͬͨ͞͠ ͦ ͯͰͮͲͨ͜͢͢Ͳͦ ͯͤͯͤͰ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞ ͳͮʹ ͯͰͮͪͫ͡͝͠�
ͳͮͱ 	����
 ͳͻͳͤ ʹͯ͛ͰͶͤͨ ͬ͜͠ h0(k) ͳ͜ͳͮͨͮ ͽͲͳͤ ͬ͠ h ∈ (0, h0(k)] ͬ͠ ͨͲͶͼͮʹͬ ͮͨ ͩ͠ͻͪͮʹͧͤͱ
ͤͩͳͨͫ͝Ͳͤͨͱ ͨ͢͠ ͳͮ Ͳ͵͛ͪͫ͠ u− uh ͱ ͯͰͮͱ ͳͦͬ L2 	‖ · ‖
 ͩͨ͠ ͳͦͬ H1 	‖ · ‖1
 ͬͻͰͫ͠�

‖u− uh‖1 ≤ c(k)h‖f‖, 	���


‖u− uh‖ ≤ c(k)h2‖f‖, 	���


ͣͦͪͣ͠͝ ͳͮ Ͳ͵͛ͪͫ͠ ͤͬͨ͞͠ ͯͰͽͳͦͱ ͳ͛ͭͦͱ ͱ ͯͰͮͱ ͳͦͬ H1 ͬͻͰͫ͠ ͩͨ͠ ͣͤͼͳͤͰͦͱ ͳ͛ͭͦͱ ͱ ͯͰͮͱ
ͳͦͬ L2 ͬͻͰͫ͠�

̓ͨ͠ ͬ͠ ͤͯͨͤͨ͡͡͠ͽͲͮʹͫͤ ͠Ͱͨͧͫͦͳͨͩ͛ ͳ͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠ ͠ʹͳ͛ ͧͤͰͮͼͫͤ Ͳͳͧͤ͠Ͱ͝ ͳ͠Ͷͼͳͦͳ͠
ͩͼͫ͠ͳͮͱ c0 = 5100N/T ͲʹͶͬͻͳͦͳ͠ fr ͮͯͻͳͤ ͮ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ k ͩͨ͠ ͳͮ ͫͩͮ͝ͱ ͩͼͫ͠ͳͮͱ λ ͤͬͨ͞͠
͞Ͳ͠ ͫͤ

k =
2πfr
c0

, λ =
2π

k
=

c0
fr
,

ͬ͠ͳ͞ͲͳͮͨͶ͠� ̓ͨ͠ ͳͦ Ͳʹͬ͛ͰͳͦͲͦ f ͤͯͨͪͮ͜͢ʹͫͤ ͳͨͱ ͯ͠Ͱͫ͜͠ͳͰͮʹͱ A = 200 µ = 3 σ = λ/20
ͽͲͳͤ ͬ͠ ͯͰͮͲͮͫͮͨͽͬͤͨ ͫͨ͠ Ͳͦͫͤͨͩ͠͝ ͯͦ͢͝ ͳͮͯͮͧͤͳͦͫͬͦ͜ Ͳͳͮ x = 3 ͤͬͽ ͳͮͯͮͧͤͳͮͼͫͤ ͳͮ
ͳͤͶͬͦͳͻ ͲͼͬͮͰͮ Ͳͳͮ Ͳͦͫͤͮ͞ L = 6 ͻͯͮʹ ͻͪͤͱ ͮͨ ͯͮ͠Ͳͳ͛Ͳͤͨͱ ͤͬͨ͞͠ Ͳͤ ͫ͜ͳͰ͠ 	N
�

͐ͤͰͯ͞ͳͲͦ 	͠
� fr = 1000 )[�

́ͰͶͨͩ͛ ͧͤͰͮͼͫͤ ͫͨ͠ ͲʹͶͬͻͳͦͳ͠ ͞Ͳͦ ͫͤ fr = 1000 )[ ͮͯͻͳͤ ͳͮ ͫͩͮ͝ͱ ͩͼͫ͠ͳͮͱ ͤͬͨ͞͠
͞Ͳͮ ͫͤ λ = 5.1 N ͩͨ͠ ͳͮ ʹͯͮͪͮͨ͢Ͳͳͨͩͻ ͫ͠ͱ ͶͰͮ͞ [0, L] ͯͤͰͯͮ͞ʹ ͞Ͳͮ ͫͤ 1.2λ� ͓Ͱ͜Ͷͮʹͫͤ ͳͮͬ
ͩͽͣͨͩ͛ ͫ͠ͱ ͫͤ ͮͫͮͨͻͫͮͰ͵ͮʹͱ ͣͨͫͤ͠ͰͨͲͫͮͼͱ ͯͮ͠ͳͤͪͮͼͫͤͬͮʹͱ ͯ͠ͻ N = 100, 200, 400, 800

��



ͩͨ͠ 1600 ʹͯͮͣͨ͠Ͳͳͫ͝͠ͳ͠ ͳͮʹ [0, 6]� ͓͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͛ ͫ͠ͱ ͨ͢͠ ͳͮ L2 ͩͨ͠ ͳͮ H1 Ͳ͵͛ͪͫ͠ Ͳʹ�
ͬͮͷͥͮͬ͞ͳͨ͠ Ͳͳͦͬ ͣͤͼͳͤͰͦ ͩͨ͠ Ͳͳͦͬ ͳ͜ͳ͠Ͱͳͦ Ͳͳͪͦ͝ ͳͮʹ ͐ͬͩ͞͠͠ ��� ͬ͠ͳ͞ͲͳͮͨͶ͠� ͒ͳͨͱ Ͳͳͪͤ͝ͱ
� ͩͨ͠ � ͯ͠ͰͮʹͲͨ͛ͥͮʹͫͤ ͳͦͬ ͳ͛ͭͦ ͩ͠Ͱͤͨ͞͡͠ͱ ͳͦͱ ͫͤͧͻͣͮʹ ͱ ͯͰͮͱ ͳͦͬ L2 ͩͨ͠ ͳͦͬ H1 ͬͻͰͫ͠
ͬ͠ͳ͞ͲͳͮͨͶ͠� ͒ʹͩͤͩ͢Ͱͨͫͬ͜͠ ʹͯͮͧ͜ͳͮʹͫͤ ͻͳͨ ͳͮ Ͳ͵͛ͪͫ͠ ͤͬͨ͞͠ ͳͦͱ ͫͮͰ͵͝ͱ e ≈ c(k)hp ͻͯͮʹ
ͮ ͤͩͧ͜ͳͦͱ p ͯ͠ͰͨͲͳ͛ͬͤͨ ͳͦͬ ͳ͛ͭͦ ͩ͠Ͱͤͨ͞͡͠ͱ ͳͦͱ ͫͤͧͻͣͮʹ� ̓ͨ͠ ͬ͠ ͤͪͭͮ͜͢ʹͫͤ ͠Ͱͨͧͫͦͳͨͩ͛ ͳͦͬ
ͳͨͫ͝ ͳͮʹ p ͜Ͷͮͬͳ͠ͱ Ͳͳͧͤ͠Ͱ͝ ͲʹͶͬͻͳͦͳ͠ ͣͦͪͣ͠͝ Ͳͳͧͤ͠Ͱ͝ ͳͨͫ͝ ͳͮʹ ͩʹͫ͠ͳ͠Ͱͨͧͫͮͼ k ʹͯͮͪͮ�
ͥͮ͢͞ʹͫͤ ͳ͠ Ͳ͵͛ͪͫ͠ͳ͠ e(1) ͩͨ͠ e(2) ͨ͢͠ ͣͼͮ ͣͨ͠͵ͮͰͤͳͨͩͮͼͱ ͣͨͫͤ͠ͰͨͲͫͮͼͱ ͳͮʹ [0, L] ͫͤ N1 ͩͨ͠
N2 ʹͯͮͣͨ͠Ͳͳͫ͝͠ͳ͠ ͫͩͮ͝ʹͱ h1 = L/N1 ͩͨ͠ h2 = L/N2 ͬ͠ͳ͞ͲͳͮͨͶ͠ ͩͨ͠ ʹͯͮͪͮͥͮ͢͞ʹͫͤ ͳͦͬ
ͳ͛ͭͦ p ͱ

p =
MPH e(1)

e(2)

MPH h1
h2

=
MPH e(1)

e(2)

MPH N2
N1

.

͐ͬͩ͞͠͠ͱ ���� ͒͵͛ͪͫ͠ͳ͠ ͱ ͯͰͮͱ ͳͦͬ L2 ͩͨ͠ ͳͦͬ H1 ͬͻͰͫ͠ ͩͨ͠ ͦ ͬ͠ͳ͞ͲͳͮͨͶͦ ͳ͛ͭͦ ͩ͠Ͱͤͨ͞͡͠ͱ ͨ͢͠
ͲʹͶͬͻͳͦͳ͠ fr = 1000 )[�

N L2�Ͳ͵͛ͪͫ͠ ͓͛ͭͦ (p) H1�Ͳ͵͛ͪͫ͠ ͓͛ͭͦ (p)

100 2.080094076e− 01 1.867119620e+ 00

1.997892 1.016824

200 5.207838701e− 02 9.227363652e− 01

1.997803 0.999645

400 1.303943648e− 02 4.614818042e− 01

1.993344 1.003034

800 3.274933913e− 03 2.302561169e− 01

1.972670 1.000385

1600 8.343913376e− 04 1.150973630e− 01

͇ ͳͰ͞ͳͦ Ͳͳͪͦ͝ ͳͮʹ ͐ͬͩ͞͠͠ ��� ʹͯͮͣͤͨͩͬͼͤͨ ͻͳͨ ͦ ͳ͛ͭͦ ͩ͠Ͱͤͨ͞͡͠ͱ ͱ ͯͰͮͱ ͳͦͬ L2 ͬͻͰͫ͠
ͤͬͨ͞͠ p ≈ 2 ͤͬͽ ͯ͠ͻ ͳͦͬ ͯͫͯ͜ͳͦ Ͳͳͪͦ͝ ͪͯͮ͜͡ʹͫͤ ͻͳͨ ͦ ͳ͛ͭͦ ͩ͠Ͱͤͨ͞͡͠ͱ ͱ ͯͰͮͱ ͳͦͬ H1

ͬͻͰͫ͠ ͤͬͨ͞͠ p ≈ 1 ͻͯͱ ͛ͪͪͲͳͤ ͬͫͬͮ͜͠͠ʹͫͤ ͯ͠ͻ ͳͦ ͧͤͰ͞͠�
͓͠ Ͳ͵͛ͪͫ͠ͳ͠ ͳͮʹ ͐ͬͩ͞͠͠ ��� ͯͤͨͩͮͬͨͥͮͬ͠ͳͨ͠ ͢Ͱ͠͵ͨͩ͛ Ͳͳͮ ͒Ͷͫ͝͠ ��� ͻͯͮʹ ͮͨ ͛ͭͮͬͤͱ

ͤͬͨ͞͠ Ͳͤ ͪͮ͢͠Ͱͨͧͫͨͩ͝ ͩͪͫͩ͞͠͠�
͐͠Ͱ͠ͳͦͰͮͼͫͤ Ͳͳͮ MPH MPH ͣͨ͛͢Ͱͫͫ͠͠ ͳͮʹ ͒Ͷͫ͝͠ͳͮͱ ��� ͻͳͨ ͳ͠ Ͳ͵͛ͪͫ͠ͳ͠ ͲͳͦͬH1 ͬͻͰͫ͠

	Ͳͦͫͤͨͽͬͮͬͳͨ͠ ͫͤ ͫ͠ͼͰ͠ ͳͤͳͰ͛ͬ͢͠ Ͳͳͮ ͲͶͫ͝͠
 ͫͤͨͽͬͮͬͳͨ͠ ͩͧ͠ͽͱ ͳͮ N ͠ʹͭ͛ͬͤͳͨ͠ Ͳͤ ͫͨ͠
ͤʹͧͤ͞͠ ͯͮʹ ͜Ͷͤͨ ͩͪ͞Ͳͦ −1 	͠ʹͳͻ ʹͯͮͣͦͪͽͬͤͨ ͻͳͨ ͦ ͳ͛ͭͦ ͩ͠Ͱͤͨ͞͡͠ͱ ͤͬͨ͞͠ ͞Ͳͦ ͫͤ �
� ́ͬ͛ͪͮ͢͠
ͪͯͮ͜͡ʹͫͤ ͻͳͨ ͻͳͨ ͳ͠ Ͳ͵͛ͪͫ͠ͳ͠ Ͳͳͦͬ L2 ͬͻͰͫ͠ 	Ͳͦͫͤͨͽͬͮͬͳͨ͠ ͫͤ ͫͯͪͤ ͩͼͩͪͮʹͱ Ͳͳͮ ͲͶͫ͝͠


��



101 102 103 104
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L2 and H1 error vs. n, f = 1kHz

L2 error

H1 error

slope (-2)

slope (-1)

͒Ͷͫ͝͠ ���� ͒Ͷͦͫ͠ͳͨͩ͝ ͬͯ͠͠͠Ͱ͛Ͳͳ͠Ͳͦ ͳͦͱ ͳ͛ͭͦͱ ͩ͠Ͱͤͨ͞͡͠ͱ ͳͦͱ L2 ͩͨ͠ ͳͦͱH1 ͬͻͰͫ͠ͱ ͨ͢͠ ͲʹͶͬͻͳͦͳ͠
1000 )[�

ͫͤͨͽͬͮͬͳͨ͠ ͩͧ͠ͽͱ ͳͮN ͠ʹͭ͛ͬͤͳͨ͠ Ͳͤ ͫͨ͠ ͤʹͧͤ͞͠ ͯͮʹ ͜Ͷͤͨ ͩͪ͞Ͳͦ−2 ͯͰ͛ͫ͢͠ ͯͮʹ ʹͯͮͣͦͪͽͬͤͨ
ͻͳͨ ͦ ͳ͛ͭͦ ͩ͠Ͱͤͨ͞͡͠ͱ ͤͬͨ͞͠ ͞Ͳͦ ͫͤ ��

͐ͤͰͯ͞ͳͲͦ 	͡
� fr = 5000 )[�

͓ͽͰ͠ ͠ʹͭ͛ͬͮʹͫͤ ͳͦ ͲʹͶͬͻͳͦͳ͠ fr = 5000 )[ ͮͯͻͳͤ ͳͮ ͫͩͮ͝ͱ ͩͼͫ͠ͳͮͱ ͤͬͨ͞͠ ͞Ͳͮ ͫͤ
λ = 1.02 N ͩͨ͠ ͳͮ ʹͯͮͪͮͨ͢Ͳͳͨͩͻ ͫ͠ͱ ͶͰͮ͞ [0, L] ͳͽͰ͠ ͤͬͨ͞͠ ͯͤͰͯͮ͞ʹ ͞Ͳͮ ͫͤ 5.9λ� ͓Ͱ͜�
Ͷͮʹͫͤ ͳͮͬ ͩͽͣͨͩ͛ ͫ͠ͱ ͫͤ ͮͫͮͨͻͫͮͰ͵ͮʹͱ ͣͨͫͤ͠ͰͨͲͫͮͼͱ ͯ͠ͻ N = 200, 400, 800, 1600 ͩͨ͠
3200 ʹͯͮͣͨ͠Ͳͳͫ͝͠ͳ͠ ͳͮʹ [0, 6]�

͐ͬͩ͞͠͠ͱ ���� ͒͵͛ͪͫ͠ͳ͠ ͱ ͯͰͮͱ ͳͦͬ L2 ͩͨ͠ ͳͦͬ H1 ͬͻͰͫ͠ ͩͨ͠ ͦ ͬ͠ͳ͞ͲͳͮͨͶͦ ͳ͛ͭͦ ͩ͠Ͱͤͨ͞͡͠ͱ ͨ͢͠
ͲʹͶͬͻͳͦͳ͠ 5000 )[�

N L2�Ͳ͵͛ͪͫ͠ ͓͛ͭͦ (p) H1 Ͳ͵͛ͪͫ͠ ͓͛ͭͦ (p)

200 2.060262273e− 01 1.489785819e+ 00

1.996489 1.585037

400 5.163207180e− 02 4.965696721e− 01

1.999272 1.273414

800 1.291453627e− 02 2.054208377e− 01

1.999961 1.088163

1600 3.228720274e− 03 9.662172107e− 02

2.000526 1.023112

3200 8.068859741e− 04 4.754309246e− 02

��



͓ͻͲͮ ͳ͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠ ͳͮʹ ͐ͬͩ͞͠͠ ��� ͻͲͮ ͩͨ͠ ͠ʹͳ͛ ͳͮʹ ͒Ͷͫ͝͠ͳͮͱ ��� ͤͯͨͤͨ͡͡͠ͽͬͮʹͬ
ͻͳͨ ͠Ͱͨͧͫͦͳͨͩ͛ ͦ ͳ͛ͭͦ ͩ͠Ͱͤͨ͞͡͠ͱ ͱ ͯͰͮͱ ͳͦͬ L2 ͬͻͰͫ͠ ͤͬͨ͞͠ p ≈ 2 ͤͬͽ ͦ ͳ͛ͭͦ ͩ͠Ͱͤͨ͞͡͠ͱ
ͱ ͯͰͮͱ ͳͦͬ H1 ͬͻͰͫ͠ ͤͬͨ͞͠ p ≈ 1�
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n

10-5

100

e
rr

o
r

L2 and H1 error vs. n, f = 5kHz

L2 error
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͒Ͷͫ͝͠ ���� ͒Ͷͦͫ͠ͳͨͩ͝ ͬͯ͠͠͠Ͱ͛Ͳͳ͠Ͳͦ ͳͦͱ ͳ͛ͭͦͱ ͩ͠Ͱͤͨ͞͡͠ͱ ͳͦͱ L2 ͩͨ͠ ͳͦͱH1 ͬͻͰͫ͠ͱ ͨ͢͠ ͲʹͶͬͻͳͦͳ͠
5000 )[�

͐ͤͰͯ͞ͳͲͦ 	͢
� fr = 8000 )[�

́ʹͭ͛ͬͮʹͫͤ ͩ͠ͻͫͦ ͯͤͰͨͲͲͻͳͤͰͮ ͳͦ ͲʹͶͬͻͳͦͳ͠ fr = 8000 )[ ͮͯͻͳͤ ͳͮ ͫͩͮ͝ͱ ͩͼͫ͠ͳͮͱ ͤ͞�
ͬͨ͠ ͞Ͳͮ ͫͤλ = 0.6375N ͩͨ͠ ͳͮ ʹͯͮͪͮͨ͢Ͳͳͨͩͻ ͫ͠ͱ ͶͰͮ͞ [0, L] ͳͽͰ͠ ͤͬͨ͞͠ ͯͤͰͯͮ͞ʹ ͞Ͳͮ ͫͤ 9.4λ�
͓ͽͰ͠ ͳͰ͜Ͷͮʹͫͤ ͳͮͬ ͩͽͣͨͩ͛ ͫ͠ͱ ͫͤ ͮͫͮͨͻͫͮͰ͵ͮʹͱ ͣͨͫͤ͠ͰͨͲͫͮͼͱ ͯ͠ͻN = 400, 800, 1600, 3200

ͩͨ͠ 6400 ʹͯͮͣͨ͠Ͳͳͫ͝͠ͳ͠ ͳͮʹ [0, 6]�
͓͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͛ ͫ͠ͱ Ͳʹͬͮͷͥͮͬ͞ͳͨ͠ Ͳͳͮͬ ͐ͬͩ͞͠͠ ��� ͩͨ͠ Ͳͳͮ ͒Ͷͫ͝͠ ��� ͩͨ͠ ͤͯͨͤͨ͡͡͠ͽ�

ͬͮʹͬ ͩͨ͠ ͯ͛ͪͨ ͻͳͨ ͦ ͳ͛ͭͦ ͩ͠Ͱͤͨ͞͡͠ͱ ͱ ͯͰͮͱ ͳͦͬ L2 ͩͨ͠ ͳͦͬ H1 ͬͻͰͫ͠ ͤͬͨ͞͠ 2 ͩͨ͠ 1 ͬ͠ͳ͞�
ͲͳͮͨͶ͠�

����� ́Ͱͨͧͫͦͳͨͩ͝ ͣͨͤͰͤͼͬͦͲͦ ͳͦͱ ͤͭ͛ͰͳͦͲͦͱ ͳͮʹ Ͳ͵͛ͪͫ͠ͳͮͱ ͯ͠ͻ ͳͮͬ ͩʹͫ͠ͳ͠Ͱͨͧͫͻ
	k
 ͩͨ͠ ͳͦͬ ͯ͠Ͱ͛ͫͤͳͰͮ ͣͨͩ͠Ͱͨͳͮͯͮͦ͞Ͳͦͱ 	h
�

̺ͬ͠ ͡͠Ͳͨͩͻ ͤͰͽͳͦͫ͠ Ͳͤ ͠Ͱͨͧͫͦͳͨͩͮͼͱ ʹͯͮͪͮͨ͢Ͳͫͮͼͱ ͤͬͨ͞͠ ͳͮ ͤͭ͝ͱ� ̈́ͤͣͮͫͬͮ͜ʹ ͤͬͻͱ ͣͨ͠�
Ͳͳͫ͝͠ͳͮͱ [0, L] ͯͮͨ͠ ͤͬͨ͞͠ ͦ ͤͭ͛ͰͳͦͲͦ ͳͮʹ Ͳ͵͛ͪͫ͠ͳͮͱ ͯ͠ͻ ͳͮͬ ͩʹͫ͠ͳ͠Ͱͨͧͫͻ k ͩͨ͠ ͳͦͬ ͯ͠Ͱ͛�
ͫͤͳͰͮ ͣͨͩ͠Ͱͨͳͮͯͮͦ͞Ͳͦͱ h� ̓ͨ͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠ ͬ͜͠ͱ ͩͮͨͬ͛ ͯͮͣͤͩ͠ͳͻͱ ͤͫͯͤͨͰͨͩͻͱ ͩͬ͠ͻͬ͠ͱ 	SVMF
PG UIVNC
 ͤͬͨ͞͠ ͻͳͨ ͨ͢͠ ͬ͠ ͯ͛Ͱͤͨ ͩͬͤ͠͞ͱ ͭͨ͠ͻͯͨͲͳ͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠ ͣͮͧͤ͞Ͳͦͱ ͫͨ͠ͱ ͲʹͶͬͻͳͦͳ͠ͱ
fr ͠Ͱͩͤ͞ ͬ͠ ͤͯͨͪͭͤͨ͜ ͳͮ h ͜ͳͲͨ ͽͲͳͤ ͳͮ ͯͦͪͩͮ͞ ξ := λ/h ͬ͠ ͤͬͨ͞͠ ͯͤͰͯͮ͞ʹ ͞Ͳͮ ͫͤ 10� ͯͮͫͬ͜ͅͱ

��



͐ͬͩ͞͠͠ͱ ���� ͒͵͛ͪͫ͠ͳ͠ ͱ ͯͰͮͱ ͳͦͬ L2 ͩͨ͠ ͳͦͬ H1 ͬͻͰͫ͠ ͩͨ͠ ͦ ͬ͠ͳ͞ͲͳͮͨͶͦ ͳ͛ͭͦ ͩ͠Ͱͤͨ͞͡͠ͱ ͨ͢͠
ͲʹͶͬͻͳͦͳ͠ 8000 )[�

N L2�Ͳ͵͛ͪͫ͠ ͓͛ͭͦ (p) H1 Ͳ͵͛ͪͫ͠ ͓͛ͭͦ (p)

400 1.055931753e− 01 1.195398768e+ 00

1.990513 1.609441

800 2.657246630e− 02 3.917623402e− 01

1.997785 1.297567

1600 6.653323513e− 03 1.593735229e− 01

1.999353 1.098666

3200 1.664076667e− 03 7.441913577e− 02

1.999410 1.027168

6400 4.161894536e− 04 3.651540874e− 02
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L2 and H1 error vs. n, f = 8kHz

L2 error

H1 error

slope (-2)

slope (-1)

͒Ͷͫ͝͠ ���� ͒Ͷͦͫ͠ͳͨͩ͝ ͬͯ͠͠͠Ͱ͛Ͳͳ͠Ͳͦ ͳͦͱ ͳ͛ͭͦͱ ͩ͠Ͱͤͨ͞͡͠ͱ ͳͦͱ L2 ͩͨ͠ ͳͦͱH1 ͬͻͰͫ͠ͱ ͨ͢͠ ͲʹͶͬͻͳͦͳ͠
8000 )[�

ͬ͠ ͨ͢͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠ ͩͮͪͮ͠ʹͧ͝Ͳͮʹͫͤ ͠ʹͳͻͬ ͳͮͬ ͩͬ͠ͻͬ͠ ͳͻͳͤ ͯ͠Ͱ͠ͳͦͰͮͼͫͤ ͻͳͨ ͳͮ ͨͬ͢ͻͫͤͬͮ

kh =
2π

λ
h =

2π
λ
h

=
2π

10
=

π

5
.

͈͠ ͯͤͰͫͤͬͤ͞ ͩͬͤ͠͞ͱ ͻͳͨ ͩͧ͠ͽͱ ͦ ͲʹͶͬͻͳͦͳ͠ fr ͩͨ͠ Ͳʹͬͤͯͽͱ ͩͨ͠ ͮ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ k ͠ʹͭ͛ͬͤ�
ͳͨ͠ ͬ͠ ͫͤͨͽͬͮʹͫͤ ͳͮ h ͜ͳͲͨ ͽͲͳͤ ͳͮ ͨͬ͢ͻͫͤͬͮ kh ͬ͠ ͯ͠Ͱͫͬͤͨ͜͠ Ͳͳͧͤ͠Ͱͻ ͳͻͳͤ ͧ͠ ͫͯͮͰͮͼͲͫͤ͠
ͬ͠ ͣͨ͠ͳͦͰ͝Ͳͮʹͫͤ ͬ͜͠ Ͳͳͧͤ͠Ͱͻ ͤͯͯͤͣͮ͞ Ͳ͵͛ͪͫ͠ͳͮͱ� ͒ͳͦͬ ͯͰͫ͢͠͠ͳͨͩͻͳͦͳ͠ ͧͤͰͦͳͨͩ͛ ͯͮ͠�
ͳͤͪ͜Ͳͫ͠ͳ͠ Ͳͳͦͬ ͯͤͰͯ͞ͳͲͦ ͳͦͱ ͫ͞͠ͱ ͣͨ͛Ͳͳ͠Ͳͦͱ ͪ͡� ͯ�Ͷ� <��> <�� ͐͠Ͱ� ��� ��> ͣͤ͞Ͷͬͮʹͬ ͻͳͨ
ͨ͢͠ ͬ͠ ͣͨ͠ͳͦͰ͝Ͳͮʹͫͤ ͬ͜͠ Ͳͳͧͤ͠Ͱͻ ͤͯͯͤͣͮ͞ Ͳ͵͛ͪͫ͠ͳͮͱ ͩͧ͠ͽͱ ͠ʹͭ͛ͬͮʹͫͤ ͳͦ ͲʹͶͬͻͳͦͳ͠ ͧ͠
ͯͰͯͤͨ͜ ͬ͠ ͤͯͨͪͮ͜͢ʹͫͤ ͳͮ h ͜ͳͲͨ ͽͲͳͤ ͬ͠ ͣͨ͠ͳͦͰͤ͞ͳͨ͠ Ͳͳͧͤ͠Ͱͻ ͳͮ ͨͬ͢ͻͫͤͬͮ k3h2�

��



̓ͨ͠ ͬ͠ ͣͨͤͰͤʹͬ͝Ͳͮʹͫͤ ͪͮͨͯͻͬ ͳͦͬ ͤͭ͛ͰͳͦͲͦ ͳͮʹ Ͳ͵͛ͪͫ͠ͳͮͱ ͯ͠ͻ ͳͮ k ͩͨ͠ ͳͮ h ͧ͠ ͯͰͮͶ�
Ͱ͝Ͳͮʹͫͤ Ͳͳͮ ͩ͠ͻͪͮʹͧͮ ͠Ͱͨͧͫͦͳͨͩͻ ͯͤ͞Ͱͫ͠͠� ͈ͤͰͮͼͫͤ ͻͯͱ ͩͨ͠ ͯͰͨͬ ͳͦ Ͳʹͬ͛ͰͳͦͲͦ f Ͳͳͮ
ͣͤͭ͞ ͫͪͮ͜ͱ ͳͦͱ 	����
 ͬ͠ ͤͬͨ͞͠ ͦ ̓ͩͮ͠ʹͲͨͬ͠͝ 	���
 ͫͤ A = 200 µ = 3 ͪͪ͛͠ ͳͽͰ͠ ͤͯͨͪͮ͜͢ʹͫͤ
σ = λ/40� ͓ͮͯͮͧͤͳͮͼͫͤ ͳͮ ͳͤͶͬͦͳͻ ͲͼͬͮͰͮ Ͳͳͮ L = 6�

͐ͤͰͯ͞ͳͲͦ 	͠
� kh = Ͳͳͧͤ͠Ͱͻ�

́ͰͶͨͩ͛ ͭͤͩͨͬ͛ͫͤ ͫͤ ͫͨ͠ ͲʹͶͬͻͳͦͳ͠ fr = 3 L)[ ͩͨ͠ ͳͦͬ ͠ʹͭ͛ͬͮʹͫͤ ͬ͛͠ 1 L)[ ͫͤͶͰͨ ͳ͠
13 L)[� ̓ͨ͠ ͩ͛ͧͤ ͲʹͶͬͻͳͦͳ͠ ͤͯͨͪͮ͜͢ʹͫͤ ͳͮ ͯͪͧͮ͝ͱ ͳͬ ʹͯͮͣͨ͠Ͳͳͦͫ͛ͳͬ 	ͲͳͮͨͶͤͬ͞
 ͳͮʹ
ͣͨͫͤ͠ͰͨͲͫͮͼ ͫ͠ͱ ͬ͠ ͤͬͨ͞͠ ͳ͜ͳͮͨͮ ͽͲͳͤ ͳͮ ͨͬ͢ͻͫͤͬͮ kh = 0.1� ̓ͨ͠ ͬ͠ ͯ͛Ͱͮʹͫͤ ͫͨ͠ ͨͣ͜͠ ͨ͢͠ ͳͮ
ͯͻͲͮ ͪͤͯͳͻͱ ͤͬͨ͞͠ ͮ ͣͨͫͤ͠ͰͨͲͫͻͱ ͫ͠ͱ ͦ ͤͯͨͪͮ͢͝ ͠ʹͳ͝ ͣͬͤͨ͞ ξ = λ

h ≈ 63 ͣͦͪͣ͠͝ ͯ͠͞Ͱͬͮʹͫͤ
ͯͤͰͯͮ͞ʹ 63 ʹͯͮͣͨ͠Ͳͳͫ͝͠ͳ͠ 	ͲͳͮͨͶͤ͞͠
 ͬ͛͠ ͫͩͮ͝ͱ ͩͼͫ͠ͳͮͱ�

͒ͳͦͬ ͳͰ͞ͳͦ ͩͨ͠ Ͳͳͦͬ ͳ͜ͳ͠Ͱͳͦ Ͳͳͪͦ͝ ͳͮʹ ͐ͬͩ͞͠͠ ��� ͣͬͮ͞ʹͫͤ ͳͮ ͲͶͤͳͨͩͻ L2 ͩͨ͠ ͳͮ ͲͶͤͳͨͩͻ
H1�Ͳ͵͛ͪͫ͠ ͬ͠ͳ͞ͲͳͮͨͶ͠ ͨ͢͠ ͩ͛ͧͤ ͲʹͶͬͻͳͦͳ͠ ͤͬͽ Ͳͳͦ ͣͤͼͳͤͰͦ Ͳͳͪͦ͝ ͬ͠͠͵͜Ͱͤͳͨ͠ ͳͮ ͯͪ͝�
ͧͮͱ ͳͬ ʹͯͮͣͨ͠Ͳͳͦͫ͛ͳͬ ͳͮʹ ͣͨͫͤ͠ͰͨͲͫͮͼ ͯͮʹ ͶͰͦͲͨͫͮͯͮͨ͝Ͳͫͤ͠� ͐͠Ͱ͠ͳͦͰͮͼͫͤ ͻͳͨ ͳͻͲͮ ͳͮ
ͲͶͤͳͨͩͻ L2 ͻͲͮ ͩͨ͠ ͳͮ ͲͶͤͳͨͩͻ H1�Ͳ͵͛ͪͫ͠ ͠ʹͭ͛ͬͮͬͳͨ͠ ͯ͠Ͱͻͪͮ ͯͮʹ ͜Ͷͮʹͫͤ ͣͨ͠ͳͦͰ͝Ͳͤͨ ͳͮ
ͨͬ͢ͻͫͤͬͮ kh Ͳͳͧͤ͠Ͱͻ�

͐ͬͩ͞͠͠ͱ ���� ͒Ͷͤͳͨͩͻ Ͳ͵͛ͪͫ͠ ͱ ͯͰͮͱ ͳͦͬ L2 ͩͨ͠ ͳͦͬ H1 ͬͻͰͫ͠ ͨ͢͠ kh = Ͳͳͧ͠�

fr (L)[) N ͒Ͷ� L2�Ͳ͵͛ͪͫ͠ ͒Ͷ� H1�Ͳ͵͛ͪͫ͠

3 222 1.304880021e− 02 3.200136500e− 02

4 296 1.765714597e− 02 3.435858859e− 02

5 370 2.549800992e− 02 3.978252158e− 02

6 444 3.349551167e− 02 4.541080505e− 02

7 518 3.394326952e− 02 4.502446105e− 02

8 592 3.531055561e− 02 4.585681770e− 02

9 666 3.914902633e− 02 4.892071511e− 02

10 740 4.668757856e− 02 5.540446179e− 02

11 814 6.002007991e− 02 6.731500251e− 02

12 888 6.341866074e− 02 6.980251749e− 02

13 961 5.984469456e− 02 6.645696706e− 02

͓͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠ ͠ʹͳ͛ ͯͤͨͩͮͬͥͮͬ͠͞ͳͨ͠ Ͳͳͮ ͒Ͷͫ͝͠ ��� ͨ͢͠ ͳͮ ͲͶͤͳͨͩͻ L2�Ͳ͵͛ͪͫ͠ 	͠Ͱͨ�
ͲͳͤͰ͛
 ͩͨ͠ ͨ͢͠ ͳͮ ͲͶͤͳͨͩͻH1�Ͳ͵͛ͪͫ͠ 	ͣͤͭͨ͛
� ͊ͨ͠ Ͳͳͨͱ ͣͼͮ ͯͤͰͨͯͳͽͲͤͨͱ ͨ͢͠ ͬ͠ ͤͩͳͨͫ͝Ͳͮʹͫͤ
ͳͦͬ ͳ͛Ͳͦ ͳͬ ͣͤͣͮͫͬͬ͜ ͫ͠ͱ ͜Ͷͮʹͫͤ ͲͶͤͣͨ͛Ͳͤͨ ͩͨ͠ ͳͦͬ ͬ͠ͳ͞ͲͳͮͨͶͦ ͤʹͧͤ͞͠ ͤͪ͠Ͷ͞Ͳͳͬ ͳͤͳͰ͠�

��



͢ͽͬͬ ͯͮʹ ͯ͠Ͱͤͫ͛ͪͪͤ͡ͳͨ͠ Ͳͳ͠ ͣͤͣͮͫͬ͜͠ ͫ͠ͱ ͩͨ͠ ͦ ͮͯͮ͞͠ ʹͯͮͣͤͨͩͬͼͤͨ ͫͨ͠ ͩͧ͠͠Ͱ͝ ͠ʹͭͦͳͨͩ͝
ͳ͛Ͳͦ ͳͮʹ Ͳ͵͛ͪͫ͠ͳͮͱ ͫͤ ͳͦ ͲʹͶͬͻͳͦͳ͠�
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͒Ͷͫ͝͠ ���� ͒Ͷͦͫ͠ͳͨͩ͝ ͬͯ͠͠͠Ͱ͛Ͳͳ͠Ͳͦ ͳͬ ͲͶͤͳͨͩͽͬ Ͳ͵ͪͫ͛͠ͳͬ L2 	͠ͰͨͲͳͤͰ͛
 ͩͨ͠ H1 	ͣͤͭͨ͛
 ͨ͢͠
kh = Ͳͳͧ͠�

͐ͤͰͯ͞ͳͲͦ 	͡
� k3h2 = Ͳͳͧͤ͠Ͱͻ�

ͯͬͪͫ͛ͬͮ͠͠͠͡ͅʹͫͤ ͳͮ ͣͨͮ͞ ͯͤ͞Ͱͫ͠͠ ͤͯͨͪͮͬ͜͢ͳ͠ͱ ͨ͢͠ ͩ͛ͧͤ ͲʹͶͬͻͳͦͳ͠ ͳͮ ͯͪͧͮ͝ͱ ͳͬ ʹͯͮ�
ͣͨ͠Ͳͳͦͫ͛ͳͬ ͳͮʹ ͣͨͫͤ͠ͰͨͲͫͮͼ ͫ͠ͱ ͜ͳͲͨ ͽͲͳͤ ͳͮ ͨͬ͢ͻͫͤͬͮ k3h2 = 1/25�

͒ͳͦͬ ͳͰ͞ͳͦ ͩͨ͠ Ͳͳͦͬ ͳ͜ͳ͠Ͱͳͦ Ͳͳͪͦ͝ ͳͮʹ ͐ͬͩ͞͠͠ ��� ͣͬͮ͞ʹͫͤ ͳͮ ͲͶͤͳͨͩͻ L2 ͩͨ͠ ͳͮ ͲͶͤ�
ͳͨͩͻ H1�Ͳ͵͛ͪͫ͠ ͬ͠ͳ͞ͲͳͮͨͶ͠ ͨ͢͠ ͩ͛ͧͤ ͲʹͶͬͻͳͦͳ͠ Ͳͳͦ ͣͤͼͳͤͰͦ Ͳͳͪͦ͝ ͣͬͤ͞ͳͨ͠ ͳͮ ͯͪͧͮ͝ͱ
ͳͬ ʹͯͮͣͨ͠Ͳͳͦͫ͛ͳͬ ͳͮʹ ͣͨͫͤ͠ͰͨͲͫͮͼ ͤͬͽ Ͳͳͦͬ ͯͫͯ͜ͳͦ Ͳͳͪͦ͝ ͬ͠͠͵͜Ͱͤͳͨ͠ ͮ ͠Ͱͨͧͫͻͱ ξ ͯͮʹ
ͤͩ͵Ͱ͛ͥͤͨ ͳͮ ͯͪͧͮ͝ͱ ͳͬ ʹͯͮͣͨ͠Ͳͳͦͫ͛ͳͬ ͬ͛͠ ͫͩͮ͝ͱ ͩͼͫ͠ͳͮͱ ͨ͢͠ ͩ͛ͧͤ ͲʹͶͬͻͳͦͳ͠� ͐͠Ͱ͠�
ͳͦͰͮͼͫͤ ͻͳͨ ͳͮ ͲͶͤͳͨͩͻ L2�Ͳ͵͛ͪͫ͠ ͣͨ͠ͳͦͰͤ͞ͳͨ͠ ͯͤͰͯͮ͞ʹ Ͳͳͧͤ͠Ͱͻ ͫͤͳͭ͠ͼ 1.4� ͩͨ͠ 1.8� ͤͬͽ
ͳͮ ͲͶͤͳͨͩͻ H1�Ͳ͵͛ͪͫ͠ ͫͤͨͽͬͤͳͨ͠ ͤͪ͠͵Ͱ͛ ͯ͠ͻ 3.3� Ͳͤ 2.1��

͓͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠ ͠ʹͳ͛ ͯͤͨͩͮͬͥͮͬ͠͞ͳͨ͠ ͩͨ͠ Ͳͳͮ ͒Ͷͫ͝͠ ��� ͨ͢͠ ͳͮ ͲͶͤͳͨͩͻ L2�Ͳ͵͛ͪͫ͠
	͠ͰͨͲͳͤͰ͛
 ͩͨ͠ ͨ͢͠ ͳͮ ͲͶͤͳͨͩͻ H1�Ͳ͵͛ͪͫ͠ 	ͣͤͭͨ͛
�

͐ͤͰͯ͞ͳͲͦ 	͢
� k2h = Ͳͳͧͤ͠Ͱͻ�

͓ͪͮ͜ͱ ͤͯͨͪͮ͜͢ʹͫͤ ͨ͢͠ ͩ͛ͧͤ ͲʹͶͬͻͳͦͳ͠ ͳͮ ͯͪͧͮ͝ͱ ͳͬ ʹͯͮͣͨ͠Ͳͳͦͫ͛ͳͬ ͳͮʹ ͣͨͫͤ͠ͰͨͲͫͮͼ
ͫ͠ͱ ͜ͳͲͨ ͽͲͳͤ ͳͮ ͨͬ͢ͻͫͤͬͮ k2h = 2/5�

͒ͳͮͬ ͐ͬͩ͞͠͠ ��� ͣͬͮ͞ʹͫͤ ͩͨ͠ ͯ͛ͪͨ ͳͮ ͲͶͤͳͨͩͻ L2 ͩͨ͠ ͳͮ ͲͶͤͳͨͩͻH1�Ͳ͵͛ͪͫ͠ ͬ͠ͳ͞ͲͳͮͨͶ͠
ͨ͢͠ ͩ͛ͧͤ ͲʹͶͬͻͳͦͳ͠ ͳͮ ͯͪͧͮ͝ͱ ͳͬ ʹͯͮͣͨ͠Ͳͳͦͫ͛ͳͬ ͳͮʹ ͣͨͫͤ͠ͰͨͲͫͮͼ ͩͨ͠ ͳͮͬ ͠Ͱͨͧͫͻ ξ�
͐͠Ͱ͠ͳͦͰͮͼͫͤ ͫͨ͠ ͩͧ͠͠Ͱ͝ ͫͤ͞Ͳͦ Ͳͳͮ ͲͶͤͳͨͩͻ L2�Ͳ͵͛ͪͫ͠ ͯ͠ͻ 1.5� Ͳͤ ͯͤͰͯͮ͞ʹ 0.4� ͤͬͽ ͳͮ
ͣͨͮ͞ Ͳʹͫͬͤͨ͡͠͞ ͩͨ͠ ͨ͢͠ ͳͮ ͲͶͤͳͨͩͻ H1�Ͳ͵͛ͪͫ͠ ͯ͠ͻ 3.5� Ͳͤ ͯͤͰͯͮ͞ʹ 0.8��

��



͐ͬͩ͞͠͠ͱ ���� ͒Ͷͤͳͨͩͻ Ͳ͵͛ͪͫ͠ ͱ ͯͰͮͱ ͳͦͬ L2 ͩͨ͠ ͳͦͬ H1 ͬͻͰͫ͠ ͨ͢͠ k3h2 = Ͳͳͧ͠�

fr (L)[) N ͒Ͷ� L2�Ͳ͵͛ͪͫ͠ ͒Ͷ� H1�Ͳ͵͛ͪͫ͠ ξ

3 214 1.404046773e− 02 3.340770896e− 02 61

4 329 1.429485328e− 02 3.010106372e− 02 70

5 459 1.657473621e− 02 2.959014683e− 02 78

6 603 1.819674671e− 02 2.904149848e− 02 85

7 760 1.581667412e− 02 2.572397163e− 02 92

8 929 1.437217473e− 02 2.357555619e− 02 99

9 1108 1.415178020e− 02 2.256207964e− 02 105

10 1298 1.515661101e− 02 2.261784480e− 02 110

11 1497 1.775740679e− 02 2.411368848e− 02 116

12 1706 1.727835211e− 02 2.316909574e− 02 121

13 1923 1.503443366e− 02 2.097870838e− 02 126
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͒Ͷͫ͝͠ ���� ͒Ͷͦͫ͠ͳͨͩ͝ ͬͯ͠͠͠Ͱ͛Ͳͳ͠Ͳͦ ͳͬ Ͳ͵ͪͫ͛͠ͳͬ L2 	͠ͰͨͲͳͤͰ͛
 ͩͨ͠ H1 	ͣͤͭͨ͛
 ͨ͢͠ k3h2 =

Ͳͳͧ͠�

͇ ͲʹͫͯͤͰͨ͵ͮͰ͛ ͠ʹͳ͝ ͤͬͨ͞͠ ͤͫ͵ͬ͠͝ͱ ͩͨ͠ Ͳͳͮ ͲͶͤͳͨͩͻ ͒Ͷͫ͝͠ ����

����� ́Ͱͨͧͫͦͳͨͩ͝ ͣͨͤͰͤͼͬͦͲͦ ͳͦͱ ͤͯͨͰͰͮ͝ͱ ͳͦͱ ͧ͜Ͳͦͱ ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹ Ͳͳͦͬ
ͯͰͮͲͤͨ͢͢Ͳͳͨͩ͝ ͪͼͲͦ�

͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͧ͠ ͣͨͤͰͤʹͬ͝Ͳͮʹͫͤ ͬ͠ ͦ ͧ͜Ͳͦ ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹ ͤͯͦͰͤ͛ͥͤͨ ͳͦͬ ͯͮͨͻͳͦͳ͠
ͳͦͱ ͯͰͮͲͨ͜͢͢Ͳ͝ͱ ͫ͠ͱ� ̓ͨ͠ ͳͮͬ Ͳͩͮͯͻ ͠ʹͳͻ ͯͤͨͰͫ͠͠ͳͨͲͳͩͫͤ͝͠ ͫͤ ͣͨ͠͵ͮͰͤͳͨͩ͜ͱ ͲʹͶͬͻͳͦͳͤͱ
ͩͨ͠ ͣͨ͛͵ͮͰͤͱ ͧ͜Ͳͤͨͱ ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹ L� ͣͅͽ ͧ͠ ͯ͠ͰͮʹͲͨ͛Ͳͮʹͫͤ ͳ͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͛ ͫ͠ͱ
ͨ͢͠ ͫͨ͠ ͲʹͶͬͻͳͦͳ͠ fr = 5000 )[ ͯͮʹ ͨ͢͠ Ͳͳͧͤ͠Ͱ͝ ͳ͠Ͷͼͳͦͳ͠ c0 = 5100 N/T ͮͣͦͤ͢͞ Ͳͤ ͬ͜͠

��



͐ͬͩ͞͠͠ͱ ���� ͒Ͷͤͳͨͩͻ Ͳ͵͛ͪͫ͠ ͱ ͯͰͮͱ ͳͦͬ L2 ͩͨ͠ ͳͦͬ H1 ͬͻͰͫ͠ ͨ͢͠ k2 ∗ h�Ͳͳͧ͠�

fr (L)[) N ͒Ͷ� L2�Ͳ͵͛ͪͫ͠ ͒Ͷ� H1�Ͳ͵͛ͪͫ͠ ξ

3 205 1.529733493e− 02 3.515018100e− 02 58

4 365 1.161552773e− 02 2.653476233e− 02 78

5 570 1.075045316e− 02 2.242797582e− 02 97

6 820 9.850812175e− 03 1.935903633e− 02 116

7 1116 7.345474516e− 03 1.568060087e− 02 136

8 1458 5.840249084e− 03 1.327167283e− 02 155

9 1845 5.104602073e− 03 1.170904677e− 02 174

10 2277 4.923184115e− 03 1.072413272e− 02 194

11 2755 5.243869077e− 03 1.026144091e− 02 213

12 3279 4.683873476e− 03 9.325983919e− 03 232

13 3848 3.759919125e− 03 8.241053836e− 03 252
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͒Ͷͫ͝͠ ���� ͒Ͷͦͫ͠ͳͨͩ͝ ͬͯ͠͠͠Ͱ͛Ͳͳ͠Ͳͦ ͳͬ Ͳ͵ͪͫ͛͠ͳͬ L2 	͠ͰͨͲͳͤͰ͛
 ͩͨ͠H1 	ͣͤͭͨ͛
 ͨ͢͠ k2h = Ͳͳͧ͠�

ͫͩͮ͝ͱ ͩͼͫ͠ͳͮͱ λ = 1.02 N� ͇ Ͳʹͬ͛ͰͳͦͲͦ f Ͳͳͮ ͣͤͭ͞ ͫͪͮ͜ͱ ͳͦͱ 	����
 ͤͬͨ͞͠ ͦ ̓ͩͮ͠ʹͲͨͬ͠͝
	���
 ͫͤ A = 200 µ = 3 ͩͨ͠ σ = λ/20�

͐ͤͨͰͫ͠͠ͳͨͥͻͫ͠Ͳͳͤ ͫͤ ͳͰͤͨͱ ͧ͜Ͳͤͨͱ ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹ L = 6, 9 ͩͨ͠ 12 N 	ͮͯͻͳͤ ͳͮ
ʹͯͮͪͮͨ͢Ͳͳͨͩͻ ͫ͠ͱ ͶͰͮ͞ Ͳͤ ͩ͛ͧͤ ͯͤͰͯ͞ͳͲͦ ͯͤͰͨ͜Ͷͤͨ ͯͤͰͯͮ͞ʹ 6, 9 ͩͨ͠ 12 ͫͩͦ͝ ͩͼͫ͠ͳͮͱ λ
�
͊ͨ͠ Ͳͳͨͱ ͳͰͤͨͱ ͯͤͰͨͯͳͽͲͤͨͱ ͧͤͰ͝Ͳͫͤ͠ ͬͬ͜͠ ͮͫͮͨͻͫͮͰ͵ͮ ͣͨͫͤ͠ͰͨͲͫͻ ͳͮʹ ͣͨ͠Ͳͳͫ͝͠ͳͮͱ [0, L]
ͫͤ N = 1600 ʹͯͮͣͨ͠Ͳͳͫ͝͠ͳ͠�

͒ͳͮ ͒Ͷͫ͝͠ ��� ͲͶͤͣͨ͛ͥͮʹͫͤ ͳͮ ͯͰͫ͢͠͠ͳͨͩͻ ͫ͜Ͱͮͱ 	͠ͰͨͲͳͤͰ͛
 ͩͨ͠ ͳͮ ͵ͬ͠ͳ͠Ͳͳͨͩͻ ͫ͜Ͱͮͱ
	ͣͤͭͨ͛
 ͳͦͱ ͬͪ͠͠ʹͳͨͩ͝ͱ ͪͼͲͦͱ 	ͫ͠ͼͰͦ ͲʹͬͤͶ͝ͱ ͢Ͱͫͫ͠͝
 ͩͨ͠ ͳͦͱ ͯͰͮͲͤͨ͢͢Ͳͳͨͩ͝ͱ ͪͼͲͦͱ ͯͤ�
ͯͤͰ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞ ͨ͢͠ L = 6 	ͯͰ͛Ͳͨͬͦ ͣͨͩͤͩͮͫͫͬͦ͜͠ ͢Ͱͫͫ͠͝
 ͩͨ͠ ͨ͢͠ L = 9 	ͩͻͩͩͨͬͦ

��
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͒Ͷͫ͝͠ ���� ͒ͼͩ͢ͰͨͲͦ ͳͦͱ ͩ͠Ͱͨͮ͡ͼͱ ͪͼͲͦͱ u ͫͤ ͳͦͬ ͯͰͮͲͤͨ͢͢Ͳͳͨͩ͝ ͪͼͲͦ uh ͨ͢͠ L = 6 ͩͨ͠ 9 N� ́Ͱͨ�
ͲͳͤͰ͛ ͲͶͤͣͨ͛ͥͮʹͫͤ ͳͮ ͯͰͫ͢͠͠ͳͨͩͻ ͫ͜Ͱͮͱ ͩͨ͠ ͣͤͭͨ͛ ͳͮ ͵ͬ͠ͳ͠Ͳͳͨͩͻ ͫ͜Ͱͮͱ�

ͣͨͩͤͩͮͫͫͬͦ͜͠ ͢Ͱͫͫ͠͝
� ͐͠Ͱ͠ͳͦͰͮͼͫͤ ͻͳͨ ͦ ͧ͜Ͳͦ ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹ ͣͤͬ ͤͯͦͰͤ͛ͥͤͨ ͳ͠
ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠ ͩͨ͠ ͦ ͯ͠ͰͮʹͲ͞͠ ͳͮʹ ͣͤͬ ͣͦͫͨͮʹͰͤ͢͞ ͳͤͶͬͦͳ͜ͱ ͬͩͪ͛͠͠Ͳͤͨͱ ͤͯͮͫͬ͜ͱ Ͳʹͫͯͤ�
Ͱͬͮ͠͞ʹͫͤ ͻͳͨ ͦ ͲʹͬͮͰͨͩ͠͝ Ͳʹͬͧͩͦ͝ %U/ ͯͮʹ ͤͯͨ͛ͪͪͫͤ͡͠ Ͳͳͮ ͳͤͶͬͦͳͻ ͲͼͬͮͰͮ ͪͤͨͳͮʹͰͤ͢͞
ͯͮ͠ͳͤͪͤͲͫ͠ͳͨͩ͛�
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͒Ͷͫ͝͠ ���� ͒ͼͩ͢ͰͨͲͦ ͳͦͱ ͩ͠Ͱͨͮ͡ͼͱ ͪͼͲͦͱ u ͫͤ ͳͦͬ ͯͰͮͲͤͨ͢͢Ͳͳͨͩ͝ ͪͼͲͦ uh ͨ͢͠ L = 6 ͩͨ͠ 12 N�
́ͰͨͲͳͤͰ͛ ͲͶͤͣͨ͛ͥͮʹͫͤ ͳͮ ͯͰͫ͢͠͠ͳͨͩͻ ͫ͜Ͱͮͱ ͩͨ͠ ͣͤͭͨ͛ ͳͮ ͵ͬ͠ͳ͠Ͳͳͨͩͻ ͫ͜Ͱͮͱ�

͓͠ ͲʹͫͯͤͰ͛Ͳͫ͠ͳ͠ ͠ʹͳ͛ ͤͯͨͤͨ͡͡͠ͽͬͮͬͳͨ͠ ͩͨ͠ ͻͳͬ͠ Ͳʹͩ͢Ͱͬͮ͞ʹͫͤ ͳͦͬ ͩ͠Ͱͨ͡͝ ͪͼͲͦ u ͫͤ
ͳͦͬ ͯͰͮͲͨ͜͢͢Ͳͦ ͯͤͯͤͰ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞ uh ͨ͢͠ L = 6 ͩͨ͠ 12N ͪ͡� ͒Ͷͫ͝͠ ��� ͝ ͨ͢͠ L = 9

ͩͨ͠ 12 N ͪ͡� ͒Ͷͫ͝͠ �����

��
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͒Ͷͫ͝͠ ����� ͒ͼͩ͢ͰͨͲͦ ͳͦͱ ͩ͠Ͱͨͮ͡ͼͱ ͪͼͲͦͱ u ͫͤ ͳͦͬ ͯͰͮͲͤͨ͢͢Ͳͳͨͩ͝ ͪͼͲͦ uh ͨ͢͠ L = 9 ͩͨ͠ 12 N�
́ͰͨͲͳͤͰ͛ ͲͶͤͣͨ͛ͥͮʹͫͤ ͳͮ ͯͰͫ͢͠͠ͳͨͩͻ ͫ͜Ͱͮͱ ͩͨ͠ ͣͤͭͨ͛ ͳͮ ͵ͬ͠ͳ͠Ͳͳͨͩͻ ͫ͜Ͱͮͱ�

��� ˗̆˾˽́˼̉˾˿˱ ̅˺˾̆˱́˶̉˶ ́˺ ́˺̉˶˷̀˼̉̑ ˿̊́˶̉˶̆˾˽́̑�

͒ͳͦͬ ͳͤͪͤʹͳ͠͞͠ ͯ͠Ͱ͛͢Ͱ͠͵ͮ ͳͮʹ ͩͤ͵ͪͮ͠͠͞ʹ ͠ʹͳͮͼ ͧ͠ ͯ͠ͰͮʹͲͨ͛Ͳͮʹͫͤ ͳ͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠
ͣͨ͠͵ͻͰͬ ͠Ͱͨͧͫͦͳͨͩͽͬ ͯͤͨͰͫ͛͠ͳͬ ͻͳͬ͠ ͮ ͩʹͫ͠ͳ͠Ͱͨͧͫͻͱ k ͫͤͳ͛ͪͪͤ͠͡ͳͨ͠ ͫͤ ͳͮ x Ͳͤ ͬ͜͠
͵Ͱͫͬͮ͢͜͠ ͣͨ͛Ͳͳͦͫ͠� ͒ͤ ͻͪͤͱ ͳͨͱ ͯͤͰͨͯͳͽͲͤͨͱ ͧ͠ ͧͤͰ͝Ͳͮʹͫͤ ͱ ͲʹͶͬͻͳͦͳ͠ ͬ͠͠͵ͮͰ͛ͱ f0 =
7000 )[ ͩͨ͠ ͱ ͳ͠Ͷͼͳͦͳ͠ ͩͼͫ͠ͳͮͱ ͬ͠͠͵ͮͰ͛ͱ c0 = 5100 N/T� ͏ͨ ͳͨͫ͜ͱ ͠ʹͳ͜ͱ ͬ͠ͳͨͲͳͮͨͶͮͼͬ
Ͳͤ ͬ͜͠ ͫͩͮ͝ͱ ͩͼͫ͠ͳͮͱ ͬ͠͠͵ͮͰ͛ͱ λ0 ≈ 0.729N� ̽ͯͱ ͩͨ͠ Ͳͳ͠ ͯͰͮͦͮ͢ͼͫͤͬ͠ ͯͤͨͰ͛ͫ͠ͳ͛ ͫ͠ͱ
ͤͯͨͪͮ͜͢ʹͫͤ ͳͦ Ͳʹͬ͛ͰͳͦͲͦ f  ͯͮʹ ͤͫ͵ͬͥͤ͠͞ͳͨ͠ Ͳͳͮ ͣͤͭ͞ ͫͪͮ͜ͱ ͳͦͱ 	����
 ͬ͠ ͤͬͨ͞͠ ͦ ̓ͩͮ͠ʹͲͨͬ͠͝
	���
 ͫͤ A = 50 µ = 3 ͩͨ͠ σ = λ0/20�

͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͧ͠ ʹͯͮͧ͜Ͳͮʹͫͤ ͻͳͨ ͦ ͳ͠Ͷͼͳͦͳ͠ 	c
 ͫͤͳ͛ͪͪͤ͠͡ͳͨ͠ Ͳͤ ͬ͜͠ ͣͨ͛Ͳͳͦͫ͠ ͳͦͱ ͫͮͰ�
͵͝ͱ

[xl, xr] = [µ− 2λ0, µ+ 2λ0],

ͤͬͽ Ͳͳͮ ͣͨ͛Ͳͳͦͫ͠ [0, xl) ∪ (xr,+∞) ͯ͠͞Ͱͬͤͨ ͳͦ Ͳͳͧͤ͠Ͱ͝ ͳͨͫ͝ c0�
͒ʹͩͤͩ͢Ͱͨͫͬ͜͠ ͧ͠ ͤͭͤͳ͛Ͳͮʹͫͤ ͳͨͱ ͩ͠ͻͪͮʹͧͤͱ ͳͰͤͨͱ ͯͤͰͨͯͳͽͲͤͨͱ ͨ͢͠ ͳͦͬ ͳ͠Ͷͼͳͦͳ͠ c(x)

Ͳͳͮ ͣͨ͛Ͳͳͦͫ͠ [xl, xr]�

	͠
 c(x) = c0 − 1000 TJO 10π(x− xl)

xr − xl


	͡
 c(x) = c0 + 2000 e
(x−µ)2

2 (0.4)2  ͩͨ͠

	͢
 c(x) = c0 + 2000 TJOD
(
5.5(x− µ)

)


��



ͻͯͮʹ ͦ Ͳʹͬ͛ͰͳͦͲͦ TJOD ͯͮʹ ͤͫ͵ͬͥͤ͠͞ͳͨ͠ Ͳͳͦͬ ͳͰ͞ͳͦ ͯͤͰͯ͞ͳͲͦ ͮͰͥͤ͞ͳͨ͠ ͱ�

TJOD(t) =






TJO(πt)
πt , t (= 0

1, t = 0
.

̓ͨ͠ ͩ͛ͧͤ ͫ͞͠ ͯ͠ͻ ͳͨͱ ͯ͠Ͱͯ͛ͬ͠ ͯͤͰͨͯͳͽͲͤͨͱ ͧ͠ ͧͤͰ͝Ͳͮʹͫͤ ͳͰͤͨͱ ͳͨͫ͜ͱ ͳͦͱ ͲʹͶͬͻͳͦͳ͠ͱ
fr = 4000, 7000 ͩͨ͠ 10000 )[ ͩͨ͠ ͧ͠ ͣͨͤͰͤʹͬ͝Ͳͮʹͫͤ ͳͦ ͲʹͫͯͤͰͨ͵ͮͰ͛ ͳͦͱ ͪͼͲͦͱ ͫ͠ͱ ͫͤ
ͫͤͳͪͦ͠͡ͳͻ ͩʹͫ͠ͳ͠Ͱͨͧͫͻ k(x) = (2πfr)/c(x) ͩͧ͠ͽͱ ͩͨ͠ ͳͮ ͬ͠ ͦ ͧ͜Ͳͦ ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹ
L ͤͯͦͰͤ͛ͥͤͨ ͳͦͬ ͪͼͲͦ ͫ͠ͱ�

͐ͤͰͯ͞ͳͲͦ 	͠
� c(x) = c0 − 1000 TJO
10π(x − xl)

xr − xl

͒ͳͮ ͒Ͷͫ͝͠ ���� ͲͶͤͣͨ͛ͥͮʹͫͤ ͳͦ ͢Ͱ͠͵ͨͩ͝ ͯ͠Ͱ͛Ͳͳ͠Ͳͦ ͳͦͱ ͳ͠Ͷͼͳͦͳ͠ͱ c(x) Ͳͳͮ ͣͨ͛Ͳͳͦͫ͠
[0, 6]� ͒ͤ ͠ʹͳ͝ ͳͦͬ ͯͤͰͯ͞ͳͲͦ Ͳͳͮ ͣͨ͛Ͳͳͦͫ͠ [xl, xr] ͤͬͨ͞͠ ͫͨ͠ ͦͫͨͳͮͬͮͤͨͣ͝ͱ ͩͫͯ͠ͼͪͦ 	ͯͬ͜ͳͤ
ͯͤͰͨͻͣͬ
 ͯͮʹ ͯ͠͞Ͱͬͤͨ ͱ ͤͪ͛ͶͨͲͳͦ ͳͨͫ͝ 4100 N/T ͩͨ͠ ͱ ͫͨ͜͢Ͳͳͦ 6100 N/T�
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͒Ͷͫ͝͠ ����� ͓ͮ ͢Ͱ͛͵ͦͫ͠ ͳͦͱ Ͳʹͬ͛ͰͳͦͲͦͱ c(x) ͳͦͱ ͯͤͰͯ͞ͳͲͦͱ 	͠
 Ͳͳͮ [0, 6] 	ͫͯͪͤ ͲʹͬͤͶ͝ͱ ͢Ͱͫͫ͠͝
�
͌ͤ ͳͦͬ ͩͻͩͩͨͬͦ ͣͨͩͤͩͮͫͫͬͦ͜͠ ͤʹͧͤ͞͠ Ͳͦͫͤͨͽͬͤͳͨ͠ ͦ ͳ͠Ͷͼͳͦͳ͠ ͬ͠͠͵ͮͰ͛ͱ c0 = 5100 N/T�

͎ͤͩͨͬ͛ͫͤ ͫͤ ͫͨ͠ ͲʹͶͬͻͳͦͳ͠ fr = 4000 )[ ͩͨ͠ ͳͰ͜Ͷͮʹͫͤ ͳͮͬ ͩͽͣͨͩ͛ ͫ͠ͱ ͫͤ ͮͫͮͨͻͫͮͰ͵ͮʹͱ
ͣͨͫͤ͠ͰͨͲͫͮͼͱ ͫͤ N = 500, 1000 ͩͨ͠ 2000 ͲͳͮͨͶͤ͞͠� ͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͠ʹͭ͛ͬͮʹͫͤ ͳͦ ͲʹͶͬͻͳͦͳ͠
Ͳͤ fr = 7000 )[ ͩͨ͠ ͯ͠͞Ͱͬͮʹͫͤ ͯ͛ͪͨ N = 500, 1000 ͩͨ͠ 2000 ͲͳͮͨͶͤ͞͠� ͓ͪͮ͜ͱ ͧͤͰͮͼͫͤ
ͲʹͶͬͻͳͦͳ͠ fr = 10 000 )[ ͩͨ͠ ͳͰ͜Ͷͮʹͫͤ ͳͮͬ ͩͽͣͨͩ͠ ͫͤ N = 1000, 2000 ͩͨ͠ 4000 ͲͳͮͨͶͤ͞͠�
͒ͳͮ ͒Ͷͫ͝͠ ���� ͯͤͨͩͮͬͥͮ͠͞ʹͫͤ Ͳͳͦͬ ͠ͰͨͲͳͤͰ͝ Ͳͳͪͦ͝ ͳͮ ͯͰͫ͢͠͠ͳͨͩͻ ͫ͜Ͱͮͱ ͳͦͱ ͯͰͮͲͤͨ͢͢Ͳͳͨ�
ͩ͝ͱ ͪͼͲͦͱ uh ͨ͢͠ ͳͨͱ ͳͰͤͨͱ ͲʹͶͬͻͳͦͳͤͱ ͩͨ͠ Ͳͳͦ ͣͤͭͨ͛ Ͳͳͪͦ͝ ͳ͠ ͬ͠ͳ͞ͲͳͮͨͶ͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠
ͨ͢͠ ͳͮ ͵ͬ͠ͳ͠Ͳͳͨͩͻ ͫ͜Ͱͮͱ ͳͦͱ uh� ͒ͳͦͬ ͯ͛ͬ ͢Ͱͫͫ͠͝ ͯͤͨͩͮͬͥͮͬ͠͞ͳͨ͠ ͳ͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠ ͨ͢͠
fr = 4000 )[ Ͳͳͦͬ ͫ͜Ͳͦ ͨ͢͠ fr = 7000 )[ ͤͬͽ Ͳͳͦͬ ͩ͛ͳ ͢Ͱͫͫ͠͝ ͨ͢͠ fr = 10 000 )[�
͐͠Ͱ͠ͳͦͰͮͼͫͤ ͩ͛ͯͮͨͤͱ ͫͨͩͰ͜ͱ ͣͨ͠͵ͮͰ͜ͱ Ͳͳͨͱ ͩͫͯ͠ͼͪͤͱ ͯͮʹ ͬ͠ͳͨͲͳͮͨͶͮͼͬ Ͳͳͦ ͫͨͩͰͻͳͤͰͦ ͳͨͫ͝
ͳͮʹ N Ͳͤ ͲͶ͜Ͳͦ ͫͤ ͠ʹͳ͜ͱ ͯͮʹ ͬ͠ͳͨͲͳͮͨͶͮͼͬ Ͳͳͮʹͱ ͣͼͮ ͪͤͯͳͻͳͤͰͮʹͱ ͣͨͫͤ͠ͰͨͲͫͮͼͱ� ͂ͤ͡͠͞ͱ

��



ͯ͠Ͱ͠ͳͦͰͮͼͫͤ ͻͳͨ ͩͧ͠ͽͱ ͦ ͲʹͶͬͻͳͦͳ͠ ͫͤͪ͢͠ͽͬͤͨ ͦ ͪͼͲͦ ͫ͠ͱ ͬͤ͢͞ͳͨ͠ ͮͪͮͬ͜͠ ͩͨ͠ ͯͤͰͨͲͲͻͳͤͰͮ
ͳͪͬ͠͠ͳͳͨͩ͝ ͤͬͽ ͳ͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠ ͠ʹͳ͛ ʹͯͮͣͤͨͩͬͼͮʹͬ ͻͳͨ ͩͨ͠ ͨ͢͠ ͳͨͱ ͳͰͤͨͱ ͲʹͶͬͻͳͦͳͤͱ ͦ
ͯͰͮͲͤͨ͢͢Ͳͳͨͩ͝ ͫ͠ͱ ͪͼͲͦ ͜Ͷͤͨ Ͳʹͩͪͬͤͨ͢͞�
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͒Ͷͫ͝͠ ����� ͒Ͷͦͫ͠ͳͨͩ͝ ͬͯ͠͠͠Ͱ͛Ͳͳ͠Ͳͦ ͳͮʹ ͯͰͫ͢͠͠ͳͨͩͮͼ ͫ͜Ͱͮʹͱ ͳͦͱ ͪͼͲͦͱ uh 	͠ͰͨͲͳͤͰ͛
 ͩͨ͠ ͳͮʹ
͵ͬ͠ͳ͠Ͳͳͨͩͮͼ ͫ͜Ͱͮʹͱ 	ͣͤͭͨ͛
� ͐͛ͬ� fr = 4 L)[ ͩͨ͠ N = 500 1000 2000� ͌͜Ͳͦ� fr = 7 L)[ ͩͨ͠
N = 500 1000 2000� ͊͛ͳ� fr = 10 L)[ ͩͨ͠ N = 1000 2000 4000�

͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͧ͠ ͣͨͤͰͤʹͬ͝Ͳͮʹͫͤ ͬ͠ ͦ ͧ͜Ͳͦ ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹ L ͤͯͦͰͤ͛ͥͤͨ ͳͦͬ ͯͰͮ�
Ͳͤͨ͢͢Ͳͳͨͩ͝ ͪͼͲͦ uh�

��
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͒Ͷͫ͝͠ ����� ͒Ͷͦͫ͠ͳͨͩ͝ ͬͯ͠͠͠Ͱ͛Ͳͳ͠Ͳͦ ͳͮʹ ͯͰͫ͢͠͠ͳͨͩͮͼ ͫ͜Ͱͮʹͱ ͳͦͱ ͪͼͲͦͱ uh 	͠ͰͨͲͳͤͰ͛
 ͩͨ͠ ͳͮʹ
͵ͬ͠ͳ͠Ͳͳͨͩͮͼ ͫ͜Ͱͮʹͱ 	ͣͤͭͨ͛
 ͨ͢͠ L = 6 	ͫ͠ͼͰͦ ͣͨͩͤͩͮͫͫͬͦ͜͠ ͢Ͱͫͫ͠͝
 ͩͨ͠ L = 12 N 	ͫͯͪͤ ͲʹͬͤͶ͝ͱ
͢Ͱͫͫ͠͝
� ͌ͤ ͩͻͩͩͨͬͦ ͣͨͩͤͩͮͫͫͬͦ͜͠ ͢Ͱͫͫ͠͝ ͤͫ͵ͬͥͤ͠͞ͳͨ͠ ͦ ͪͼͲͦ ͨ͢͠ Ͳͳͧͤ͠Ͱ͝ ͳ͠Ͷͼͳͦͳ͠ c0 = 5100N�T�
͐͛ͬ� fr = 4 L)[� ͌͜Ͳͦ� fr = 7 L)[� ͊͛ͳ� fr = 10 L)[�

͒ͳͮ ͒Ͷͫ͝͠ ���� ͲͶͤͣͨ͛ͥͮʹͫͤ Ͳͳͦͬ ͠ͰͨͲͳͤͰ͝ Ͳͳͪͦ͝ ͳͮ ͯͰͫ͢͠͠ͳͨͩͻ ͫ͜Ͱͮͱ ͩͨ͠ Ͳͳͦ ͣͤͭͨ͛ ͳͮ
͵ͬ͠ͳ͠Ͳͳͨͩͻ ͫ͜Ͱͮͱ ͳͦͱ ͯͰͮͲͤͨ͢͢Ͳͳͨͩ͝ͱ ͪͼͲͦͱ uh ͨ͢͠ ͣͼͮ ͣͨ͠͵ͮͰͤͳͨͩ͜ͱ ͧ͜Ͳͤͨͱ ͳͮʹ ͳͤͶͬͦͳͮͼ
ͲʹͬͻͰͮʹ L = 6 	ͫ͠ͼͰͦ ͣͨͩͤͩͮͫͫͬͦ͜͠ ͢Ͱͫͫ͠͝
 ͩͨ͠ L = 12 N 	ͫͯͪͤ ͲʹͬͤͶ͝ͱ ͢Ͱͫͫ͠͝
� ͒ͳͦͬ
ͯ͛ͬ ͢Ͱͫͫ͠͝ ͳ͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠ ͤͬͨ͞͠ ͨ͢͠ ͳͦ ͲʹͶͬͻͳͦͳ͠ fr = 4 L)[ ͻͯͮʹ ͮ ͣͨͫͤ͠ͰͨͲͫͻͱ ͳͮʹ

��



ͣͨ͠Ͳͳͫ͝͠ͳͮͱ [0, 6] ͜Ͷͤͨ ͬͤͨ͢͞ ͫͤN = 500 ͲͳͮͨͶͤ͞͠ ͤͬͽ ͮ ͣͨͫͤ͠ͰͨͲͫͻͱ ͳͮʹ ͣͨ͠Ͳͳͫ͝͠ͳͮͱ [0, 12]
͜Ͷͤͨ ͬͤͨ͢͞ ͫͤ N = 1000 ͲͳͮͨͶͤ͞͠� ͒ͳͦ ͫͤͲ͠͞͠ ͢Ͱͫͫ͠͝ ͦ ͲʹͶͬͻͳͦͳ͠ ͤͬͨ͞͠ ͞Ͳͦ ͫͤ fr = 7 L)[ ͮ
ͣͨͫͤ͠ͰͨͲͫͻͱ ͳͮʹ ͣͨ͠Ͳͳͫ͝͠ͳͮͱ [0, 6] ͤͬͨ͞͠ ͫͤN = 500 ͲͳͮͨͶͤ͞͠ ͩͨ͠ ͳͮʹ ͣͨ͠Ͳͳͫ͝͠ͳͮͱ [0, 12] ͫͤ
N = 1000 ͲͳͮͨͶͤ͞͠� ͒ͳͦͬ ͩ͛ͳ ͢Ͱͫͫ͠͝ ͦ ͲʹͶͬͻͳͦͳ͠ ͤͬͨ͞͠ ͞Ͳͦ ͫͤ fr = 10 L)[ ͮ ͣͨͫͤ͠ͰͨͲͫͻͱ
ͳͮʹ ͣͨ͠Ͳͳͫ͝͠ͳͮͱ [0, 6] ͤͬͨ͞͠ ͫͤ N = 1000 ͲͳͮͨͶͤ͞͠ ͩͨ͠ ͳͮʹ ͣͨ͠Ͳͳͫ͝͠ͳͮͱ [0, 12] ͫͤ N =

2000 ͲͳͮͨͶͤ͞͠� ͒ͤ ͻͪͤͱ ͳͨͱ ͯͤͰͨͯͳͽͲͤͨͱ ͲͶͤͣͨ͛ͥͮʹͫͤ ͩͨ͠ ͳͦͬ ͬ͠ͳ͞ͲͳͮͨͶͦ ͪͼͲͦ ͨ͢͠ Ͳͳͧͤ͠Ͱ͝
ͳ͠Ͷͼͳͦͳ͠ c0 = 5100 N�T ͽͲͳͤ ͬ͠ ͤͬͨ͞͠ ͤͫ͵ͬͤ͠͞ͱ ͮͨ ͣͨ͠͵ͮͰ͜ͱ ͫͤͳͭ͠ͼ ͳͦͱ ͪͼͲͦͱ ͫͤ Ͳͳͧͤ͠Ͱͻ
ͩʹͫ͠ͳ͠Ͱͨͧͫͻ k0 ͩͨ͠ ͫͤͳͪͦ͠͡ͳͻ ͩʹͫ͠ͳ͠Ͱͨͧͫͻ k� ͒ͤ ͻͪ͠ ͳ͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠ ͯ͠Ͱ͠ͳͦͰͮͼͫͤ ͻͳͨ
ͦ ͫͤͳͮͪ͠͡͝ ͳͦͱ ͧ͜Ͳͦͱ ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹ ͣͤͬ ͤͯͦͰͤ͛ͥͤͨ ͮͼͳͤ ͳͮ ͵ͬ͠ͳ͠Ͳͳͨͩͻ ͮͼͳͤ ͳͮ
ͯͰͫ͢͠͠ͳͨͩͻ ͫ͜Ͱͮͱ ͳͦͱ ͯͰͮͲͨ͜͢͢Ͳ͝ͱ ͫ͠ͱ ʹͯͻ ͳͦͬ ͬͬͮͨ͜͠ ͻͳͨ ͦ ͯͰͮͲͤͨ͢͢Ͳͳͨͩ͝ ͪͼͲͦ ͨ͢͠ L =

12 ͩͨ͠ ͦ ͬ͠ͳ͞ͲͳͮͨͶͦ ͨ͢͠ L = 6 ͯ͠ͰͮʹͲͨ͛ͥͮʹͬ ͤͭͨ͠Ͱͤͳͨͩ͝ Ͳʹͫ͵ͬ͞͠ Ͳͳͮ ͫͨͩͰͻͳͤͰͮ ͣͨ͛Ͳͳͦͫ͠
[0, 6]�
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͒Ͷͫ͝͠ ����� ͓ͮ ͢Ͱ͛͵ͦͫ͠ ͳͦͱ Ͳʹͬ͛ͰͳͦͲͦͱ c(x) ͳͦͱ ͯͤͰͯ͞ͳͲͦͱ 	͡
 Ͳͳͮ [0, 6] 	ͫͯͪͤ ͲʹͬͤͶ͝ͱ ͢Ͱͫͫ͠͝
�
͌ͤ ͳͦͬ ͩͻͩͩͨͬͦ ͣͨͩͤͩͮͫͫͬͦ͜͠ ͤʹͧͤ͞͠ Ͳͦͫͤͨͽͬͤͳͨ͠ ͦ ͳ͠Ͷͼͳͦͳ͠ ͬ͠͠͵ͮͰ͛ͱ c0 = 5100 N/T�

͐ͤͰͯ͞ͳͲͦ 	͡
� c(x) = c0 + 2000 e
(x−µ)2

2 (0.4)2

̓ͨ͠ ͳͮ ͣͤͼͳͤͰͮ ͯͤ͞Ͱͫ͠͠ ͫͤ ͫͤͳͪͦ͠͡ͳͻ k ͧͤͰͮͼͫͤ ͳ͠Ͷͼͳͦͳ͠ c ͯͮʹ ͯͤͰͨ͢Ͱ͛͵ͤͳͨ͠ ͯ͠ͻ ͫͨ͠
̓ͩͮ͠ʹͲͨͬ͠͝ ͳͦͱ ͮͯͮ͞͠ͱ ͦ ͢Ͱ͠͵ͨͩ͝ ͯ͠Ͱ͛Ͳͳ͠Ͳͦ ͣͬͤ͞ͳͨ͠ Ͳͳͮ ͒Ͷͫ͝͠ ����� ͓ͽͰ͠ ͦ ͳ͠Ͷͼͳͦͳ͠
ͫͤͳ͛ͪͪͤ͠͡ͳͨ͠ ͫͤͳͭ͠ͼ 5100 ͩͨ͠ 7100 N�T�

5ͮ ͒Ͷͫ͝͠ ���� ͤͬͨ͞͠ ͳͮ ͬ͠ͳ͞ͲͳͮͨͶͮ ͳͮʹ ͒Ͷͫ͝͠ͳͮͱ ���� ͳͦͱ ͯͤͰͯ͞ͳͲͦͱ 	͠
 ͩͨ͠ Ͳʹͬͮͷͥͤͨ͞
ͳ͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͛ ͫ͠ͱ ͨ͢͠ ͳͨͱ ͳͰͤͨͱ ͲʹͶͬͻͳͦͳͤͱ fr = 4, 7 ͩͨ͠ 10 L)[ ͩͨ͠ ͳͰͤͨͱ ͣͨ͠͵ͮͰͤͳͨͩͮͼͱ
ͣͨͫͤ͠ͰͨͲͫͮͼͱ ͨ͢͠ ͩ͛ͧͤ ͲʹͶͬͻͳͦͳ͠� 	͓ͮ ͯͪͧͮ͝ͱ ͳͬ ͲͳͮͨͶͤͬ͞ ͩ͛ͧͤ ͣͨͫͤ͠ͰͨͲͫͮͼ ͣͬͤ͞ͳͨ͠ Ͳͳͮ
ʹͯͻͫͬͦͫ͠ ͩ͛ͧͤ ͲͶͫ͝͠ͳͮͱ�
 ͂ͪͯͮ͜ʹͫͤ ͻͳͨ Ͳͤ ͻͪͤͱ ͳͨͱ ͯͤͰͨͯͳͽͲͤͨͱ ͦ ͯͰͮͲͤͨ͢͢Ͳͳͨͩ͝ ͪͼͲͦ ͜Ͷͤͨ
Ͳʹͩͪͬͤͨ͢͞�

͓ͮ ͒Ͷͫ͝͠ ���� ͤͬͨ͞͠ ͳͮ ͬ͠ͳ͞ͲͳͮͨͶͮ ͳͮʹ ͒Ͷͫ͝͠ͳͮͱ ���� ͳͦͱ ͯͤͰͯ͞ͳͲͦͱ 	͠
� ͨ̈́ͯͨ͠Ͳͳͽͬͮʹͫͤ

��



0 1 2 3 4 5 6

x

-1.5

-1

-0.5

0

0.5

1

1.5

R
e
a
l p

a
rt

f = 4kHz

n=2000

n=1000

n=500

0 1 2 3 4 5 6

x

-1.5

-1

-0.5

0

0.5

1

1.5

Im
a
g
in

a
ry

 p
a
rt

f = 4kHz

n=2000

n=1000

n=500

0 1 2 3 4 5 6

x

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

R
e
a
l p

a
rt

f = 7kHz

n=2000

n=1000

n=500

0 1 2 3 4 5 6

x

-0.5

0

0.5

Im
a
g
in

a
ry

 p
a
rt

f = 7kHz

n=2000

n=1000

n=500

0 1 2 3 4 5 6

x

-0.6

-0.4

-0.2

0

0.2

0.4

R
e
a
l p

a
rt

f = 10kHz

n=4000

n=2000

n=1000

0 1 2 3 4 5 6

x

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

Im
a
g
in

a
ry

 p
a
rt

f = 10kHz

n=4000

n=2000

n=1000

͒Ͷͫ͝͠ ����� ͒Ͷͦͫ͠ͳͨͩ͝ ͬͯ͠͠͠Ͱ͛Ͳͳ͠Ͳͦ ͳͮʹ ͯͰͫ͢͠͠ͳͨͩͮͼ ͫ͜Ͱͮʹͱ ͳͦͱ ͪͼͲͦͱ uh 	͠ͰͨͲͳͤͰ͛
 ͩͨ͠ ͳͮʹ
͵ͬ͠ͳ͠Ͳͳͨͩͮͼ ͫ͜Ͱͮʹͱ 	ͣͤͭͨ͛
� ͐͛ͬ� fr = 4 L)[ ͩͨ͠ N = 500 1000 2000� ͌͜Ͳͦ� fr = 7 L)[ ͩͨ͠
N = 500 1000 2000� ͊͛ͳ� fr = 10 L)[ ͩͨ͠ N = 1000 2000 4000�

ͻͳͨ ͩͨ͠ ͫͤ ͠ʹͳͻ ͳͮ ͯͰͮ͵ͪ͞ ͳͦͱ ͳ͠Ͷͼͳͦͳ͠ͱ c(x) ͦ ͧ͜Ͳͦ ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹ ͣͤͬ ͤͯͦͰͤ͛ͥͤͨ
ͳͦ ͪͼͲͦ ͯͤͯͤͰ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞�
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͒Ͷͫ͝͠ ����� ͒Ͷͦͫ͠ͳͨͩ͝ ͬͯ͠͠͠Ͱ͛Ͳͳ͠Ͳͦ ͳͮʹ ͯͰͫ͢͠͠ͳͨͩͮͼ ͫ͜Ͱͮʹͱ ͳͦͱ ͪͼͲͦͱ uh 	͠ͰͨͲͳͤͰ͛
 ͩͨ͠ ͳͮʹ
͵ͬ͠ͳ͠Ͳͳͨͩͮͼ ͫ͜Ͱͮʹͱ 	ͣͤͭͨ͛
 ͨ͢͠ L = 6 	ͫ͠ͼͰͦ ͣͨͩͤͩͮͫͫͬͦ͜͠ ͢Ͱͫͫ͠͝
 ͩͨ͠ L = 12 N 	ͫͯͪͤ ͲʹͬͤͶ͝ͱ
͢Ͱͫͫ͠͝
� ͌ͤ ͩͻͩͩͨͬͦ ͣͨͩͤͩͮͫͫͬͦ͜͠ ͢Ͱͫͫ͠͝ ͤͫ͵ͬͥͤ͠͞ͳͨ͠ ͦ ͪͼͲͦ ͨ͢͠ Ͳͳͧͤ͠Ͱ͝ ͳ͠Ͷͼͳͦͳ͠ c0 = 5100N�T�
͐͛ͬ� fr = 4 L)[� ͌͜Ͳͦ� fr = 7 L)[� ͊͛ͳ� fr = 10 L)[�

͐ͤͰͯ͞ͳͲͦ 	͢
� c(x) = c0 + 2000 TJOD
(
5.5(x − µ)

)

̓ͨ͠ ͳͮ ͳͤͪͤʹͳͮ͠͞ ͫ͠ͱ ͯͤ͞Ͱͫ͠͠ ͫͤ ͫͤͳͪͦ͠͡ͳͻ k ͧͤͰͮͼͫͤ ͳ͠Ͷͼͳͦͳ͠ c ͯͮʹ ͯͤͰͨ͢Ͱ͛͵ͤͳͨ͠
ͯ͠ͻ ͫͨ͠ Ͳʹͬ͛ͰͳͦͲͦ TJOD ͪ͡� ͒Ͷͫ͝͠ ����� ͓ͽͰ͠ ͦ ͳ͠Ͷͼͳͦͳ͠ ͫͤͳ͛ͪͪͤ͠͡ͳͨ͠ ͫͤͳͭ͠ͼ 4667 ͩͨ͠
7100 N�T�
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͒Ͷͫ͝͠ ����� ͓ͮ ͢Ͱ͛͵ͦͫ͠ ͳͦͱ Ͳʹͬ͛ͰͳͦͲͦͱ c(x) ͳͦͱ ͯͤͰͯ͞ͳͲͦͱ 	͢
 Ͳͳͮ [0, 6] 	ͫͯͪͤ ͲʹͬͤͶ͝ͱ ͢Ͱͫͫ͠͝
�
͌ͤ ͳͦͬ ͩͻͩͩͨͬͦ ͣͨͩͤͩͮͫͫͬͦ͜͠ ͤʹͧͤ͞͠ Ͳͦͫͤͨͽͬͤͳͨ͠ ͦ ͳ͠Ͷͼͳͦͳ͠ ͬ͠͠͵ͮͰ͛ͱ c0 = 5100 N/T�

͒ͳͮ ͒Ͷͫ͝͠ ���� ͣͬͮͬ͞ͳͨ͠ ͳ͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠ ͳͦͱ ͫͤͪ͜ͳͦͱ ͠Ͱͨͧͫͦͳͨͩ͝ͱ Ͳͼͩͪͨ͢Ͳͦͱ ͳͦͱ ͪͼͲͦͱ
ͯͤͯͤͰ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞ uh ͨ͢͠ ͳͰͤͨͱ ͲʹͶͬͻͳͦͳͤͱ fr = 4, 7 ͩͨ͠ 10 L)[ ͩͨ͠ ͳͰͤͨͱ ͣͨ͠͵ͮͰͤ�
ͳͨͩͮͼͱ ͣͨͫͤ͠ͰͨͲͫͮͼͱ ͨ͢͠ ͩ͛ͧͤ ͲʹͶͬͻͳͦͳ͠� 	͓ͮ ͯͪͧͮ͝ͱ N ͳͬ ͲͳͮͨͶͤͬ͞ ͩ͛ͧͤ ͣͨͫͤ͠ͰͨͲͫͮͼ
ͣͬͤ͞ͳͨ͠ Ͳͳͮ ʹͯͻͫͬͦͫ͠ ͩ͛ͧͤ ͲͶͫ͝͠ͳͮͱ�


͓ͪͮ͜ͱ Ͳͳͮ ͒Ͷͫ͝͠ ���� ͯ͠ͰͮʹͲͨ͛ͥͮʹͫͤ ͳ͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠ ͳͮʹ ͤͪ͜͢Ͷͮʹ ͳͦͱ ͤͯͨͰͰͮ͝ͱ ͳͦͱ
ͧ͜Ͳͦͱ ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹ Ͳͳͦͬ ͯͰͮͲͤͨ͢͢Ͳͳͨͩ͝ ͪͼͲͦ uh ͨ͢͠ ͳͮ Ͳʹͩͤͩ͢Ͱͨͫͬͮ͜ ͯͰͮ͵ͪ͞ ͳͦͱ
ͳ͠Ͷͼͳͦͳ͠ͱ c ͩͨ͠ ͨ͢͠ ͳͨͱ ͳͰͤͨͱ ͯ͠Ͱͯ͛ͬ͠ ͲʹͶͬͻͳͦͳͤͱ� ͂ͪͯͮ͜ʹͫͤ ͻͳͨ ͩͨ͠ Ͳͤ ͠ʹͳ͝ ͳͦͬ ͯͤͰ͞�
ͯͳͲͦ ͦ ͧ͜Ͳͦ ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹ ͣͤͬ ͤͯͦͰͤ͛ͥͤͨ ͳͦͬ ͯͰͮͲͤͨ͢͢Ͳͳͨͩ͝ ͪͼͲͦ�
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͒Ͷͫ͝͠ ����� ͒Ͷͦͫ͠ͳͨͩ͝ ͬͯ͠͠͠Ͱ͛Ͳͳ͠Ͳͦ ͳͮʹ ͯͰͫ͢͠͠ͳͨͩͮͼ ͫ͜Ͱͮʹͱ ͳͦͱ ͪͼͲͦͱ uh 	͠ͰͨͲͳͤͰ͛
 ͩͨ͠ ͳͮʹ
͵ͬ͠ͳ͠Ͳͳͨͩͮͼ ͫ͜Ͱͮʹͱ 	ͣͤͭͨ͛
� ͐͛ͬ� fr = 4 L)[ ͩͨ͠ N = 500 1000 2000� ͌͜Ͳͦ� fr = 7 L)[ ͩͨ͠
N = 500 1000 2000� ͊͛ͳ� fr = 10 L)[ ͩͨ͠ N = 1000 2000 4000�
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͵ͬ͠ͳ͠Ͳͳͨͩͮͼ ͫ͜Ͱͮʹͱ 	ͣͤͭͨ͛
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͢Ͱͫͫ͠͝
� ͌ͤ ͩͻͩͩͨͬͦ ͣͨͩͤͩͮͫͫͬͦ͜͠ ͢Ͱͫͫ͠͝ ͤͫ͵ͬͥͤ͠͞ͳͨ͠ ͦ ͪͼͲͦ ͨ͢͠ Ͳͳͧͤ͠Ͱ͝ ͳ͠Ͷͼͳͦͳ͠ c0 = 5100N�T�
͐͛ͬ� fr = 4 L)[� ͌͜Ͳͦ� fr = 7 L)[� ͊͛ͳ� fr = 10 L)[�
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��� ˨̊́̅˺̆˱̈́˶̉˶

͒ͳͦͬ ͣͨͯͪͫ͠ͳͨͩ͝ ͠ʹͳ͝ ͤͰ͢͠Ͳ͞͠ ͠ͲͶͮͪͦͧͩͫͤ͝͠ ͫͤ ͳͦͬ ͠Ͱͨͧͫͦͳͨͩ͝ ͤͯͪ͞ʹͲͦ ͳͦͱ ͤͭ͞ͲͲͦͱ
)FMNIPMU[ Ͳͤ ͫͨ͠ ͶͰͨͩ͝ ͣͨ͛Ͳͳ͠Ͳͦ−u′′− k2u = f  Ͳͤ ͬ͜͠ ͦͫͨ͛ͯͤͨͰͮ ͣͨ͛Ͳͳͦͫ͠ ͳͦͱ ͫͮͰ͵͝ͱ
[0,+∞)� ̓ͨ͠ ͳͮͬ ͩʹͫ͠ͳ͠Ͱͨͧͫͻ k ʹͯͮͧ͜Ͳͫͤ͠ ͻͳͨ ͫͤͳ͛ͪͪͤ͠͡ͳͨ͠ ͫͤ ͳͮ x Ͳ ͤͬ͠ ͵Ͱͫͬͮ͢͜͠ ͣͨ͛�
Ͳͳͦͫ͠ [0, R] ͤͬͽ ͨ͢͠ x > R ͯ͠͞Ͱͬͤͨ ͫͨ͠ Ͳͳͧͤ͠Ͱ͝ ͳͨͫ͝� ̓ͨ͠ ͳͮͬ ʹͯͮͪͮͨ͢Ͳͫͻ ͫͨ͠ͱ ͯͰͮͲͨ͜͢͢Ͳͦͱ
ͳͦͱ ͪͼͲͦͱ ͤ͵͠ͰͫͻͲͫͤ͠ ͳͦ ͫͧͮͣͮ͜ ͳͬ ͯͤͯͤͰ͠Ͳͫͬͬ͜ ͲͳͮͨͶͤͬ͞ ͻͯͮʹ ͨ͢͠ ͬ͠ ͫͤͳ͠ͳͰ͜ͷͮʹͫͤ
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Ͳ͵͛ͪͫ͠ͳͮͱ ͯ͠Ͱͫͬͤͨ͜͠ Ͳͳͧͤ͠Ͱͻ ͩͧ͠ͽͱ ͳͮ k ͠ʹͭ͛ͬͤͨ� ́ͬͳͨͧ͜ͳͱ ͬ͠ ͤͯͨͪͮ͜͢ʹͫͤ ͳͮ
h ͜ͳͲͨ ͽͲͳͤ ͳͮ ͨͬ͢ͻͫͤͬͮ k2h ͬ͠ ͯ͠Ͱͫͬͤͨ͜͠ Ͳͳͧͤ͠Ͱͻ ͩͨ͠ ͫͨͩͰͻ ͳͻͳͤ ͣͨͯͨ͠Ͳͳͽͬͮʹͫͤ
ͻͳͨ ͳͮ ͲͶͤͳͨͩͻ Ͳ͵͛ͪͫ͠ ͫͤͨͽͬͤͳͨ͠ ͫͤ ͳͮ k� ͓͠ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠ ͠ʹͳ͛ ͤͬͨ͞͠ Ͳͤ ͯ͠ͻͪʹͳͦ
Ͳʹͫ͵ͬ͞͠ ͫͤ ͳ͠ ͬ͢Ͳͳ͛ ͧͤͰͦͳͨͩ͛ ͯͮ͠ͳͤͪ͜Ͳͫ͠ͳ͠�

ۗ ͍͠ ͣͨͤͰͤʹͬ͝Ͳͮʹͬ ͬ͠ ͩͨ͠ ͩ͠ͳ͛ ͯͻͲͮͬ ͦ ͧ͜Ͳͦ ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹ L ͤͯͦͰͤ͛ͥͤͨ
ͳͦͬ ͠Ͱͨͧͫͦͳͨͩ͝ ͫ͠ͱ ͪͼͲͦ� ̓ͨ͠ ͳͮͬ Ͳͩͮͯͻ ͠ʹͳͻ ͯͤͨͰͫ͠͠ͳͨͥͻͫ͠Ͳͳͤ ͫͤ ͣͨ͠͵ͮͰͤͳͨ�
ͩ͜ͱ ͧ͜Ͳͤͨͱ ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹ ͩͨ͠ ͣͨͯͨ͠Ͳͳͽͬͮʹͫͤ ͻͳͨ ͦ ͲʹͬͮͰͨͩ͠͝ Ͳʹͬͧͩͦ͝
%JSJDIMFU�UP�/FVNBOO ͯͮʹ ͤͯͨ͛ͪͪͮ͡ʹͫͤ Ͳͳͮ ͳͤͶͬͦͳͻ ͲͼͬͮͰͮ ͤͬͨ͞͠ ͯͪ͝Ͱͱ kͣͨ͠�
͵ͬ͠͝ͱ{ ʹͯͻ ͳͦͬ ͬͬͮͨ͜͠ ͻͳͨ ͣͤͬ ͤͯͨͲͳͰ͜͵ͤͨ ͫͦ ͵ʹͲͨͩ͜ͱ ͬͩͪ͛͠͠Ͳͤͨͱ ͯ͠ͻ ͳͦͬ ͯ͠�
ͰͮʹͲ͞͠ ͳͮʹ ͳͤͶͬͦͳͮͼ ͲʹͬͻͰͮʹ�
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ͤͯ͠Ͱͩ͝ ͻͯͱ ͤͣͫͤ͞͠ Ͳͳͮ ͯͪ͠ͻ ͫͮͬͮͣͨ͛Ͳͳ͠ͳͮ ͫͮͬͳͪͮ͜ ͯͮʹ ͤͭͤͳ͛Ͳͫͤ͠
 ͤͫͯͤͨͰͨͩͻ ͩͬ͠ͻͬ͠ ͩͨ͠
ͤͯͨͪͭͮ͜ʹͫͤ ͳͦͬ ͯ͠Ͱ͛ͫͤͳͰͮ ͣͨͩ͠Ͱͨͳͮͯͮͦ͞Ͳͦͱ ͜ͳͲͨ ͽͲͳͤ ͬ͠ ͣͨ͠ͳͦͰͮͼͫͤ ͬͬ͜͠ Ͳͳͧͤ͠Ͱͻ ͠Ͱͨͧͫͻ
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ͩ͠Ͱͤͨ͞͡͠ͱ ͠ʹͭ͛ͬͤͳͨ͠ ͯͤͰͨͲͲͻͳͤͰͮ ͯ͠ͻ kd ͻͯͮʹ d = 1, 2 ͝ 3 ͤͬͨ͞͠ ͦ ͣͨ͛Ͳͳ͠Ͳͦ ͳͮʹ ͵ʹͲͨͩͮͼ
ͶͰͮ͞ʹ Ͳͳͮ ͮͯͮͮ͞ ͣͨ͠ͳʹͯͽͬͮʹͫͤ ͳͮ ͯͰͻͪͦͫ͛͡ ͫ͠ͱ� ͯͮͫͬ͜ͅͱ ͦ ͫͤͪ͜ͳͦ ͳͮʹ ͯͰͮͪͫ͡͝͠ͳͮͱ
͠ʹͳͮͼ Ͳͤ ͬ͠ͽͳͤͰͦ ͣͨ͛Ͳͳ͠Ͳͦ ͯ͠ͰͮʹͲͨ͛ͥͤͨ ͨͣͨ͠͞ͳͤͰͮ ͤͬͣͨ͠͵͜Ͱͮͬ� ͐Ͱͮͱ ͠ʹͳ͝ ͳͦͬ ͩ͠ͳͤͼͧʹͬͲͦ
ͬ͜͠ ͯͮͪͼ ͤͬͣͨ͠͵͜Ͱͮͬ ͤͰͽͳͦͫ͠ ͧ͠ ͝ͳͬ͠ ͬ͠ ͯͰͮͲͯͧ͠͝Ͳͤͨ ͩͬͤ͠͞ͱ ͬ͠ ͣͨͤͰͤʹͬ͝Ͳͤͨ ͳͦͬ ͯͨͧͬ͠͝
ͤ͵͠Ͱͫͮ͢͝ ͩͨ͠ ͯͮ͠ͳͤͪͤͲͫ͠ͳͨͩͻͳͦͳ͠ ͪͮ͢͠Ͱͧͫͬ͞ ͫͦͶͬͨͩ͠͝ͱ ͫ͛ͧͦͲͦͱ Ͳͤ ͳ͜ͳͮͨͮʹ ͳͼͯͮʹ ͯͰͮ�
ͪͫ͡͝͠ͳ͠�
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<�> ̓�̈́� ́ͩͰͦ͞͡ͱ ͂�́� ̈́ͮʹͪ͢͠͝ͱ ̸͓͕͕͛ͥͫ͐ ͙ͥͦ͟ ̴͚͙ͣ͛ͦ͛͐͜͞ ̴͎͙ͧͥ͟͝ ͐ͬͤͯͨ͠Ͳͳͦͫͨͩ͜͠ͱ ͩͅ�
ͣͻͲͤͨͱ ͊Ͱ͝ͳͦͱ ͇Ͱ͛ͩͪͤͨͮ ̶ͣ ͩͣͮ͜Ͳͦ ���� ̶ͣ ͬ͠͠ͳͼͯͲͦ �����

<�> .� "CSBNPXJU[ *�"� 4UFHVO )BOECPPL PG .BUIFNBUJDBM 'VODUJPOT %PWFS �����

<�> "� #BZMJTT $�*� (PMETUFJO &� 5VSLFM 0O BDDVSBDZ DPOEJUJPOT GPS UIF OVNFSJDBM
DPNQVUBUJPO PG XBWFT +� $PNQVU� 1IZT� �� 	����
 ���ۗ����

<�> +� #VSLBSEU %FQBSUNFOU PG .BUIFNBUJDT 6OJWFSTJUZ PG 1J॒TCVSHI�
IUUQT���QFPQMF�TD�GTV�FEV�_KCVSLBSEU�N@TSD�GFN�E�GFN�E�IUNM

<�> %� $PMUPO 3� ,SFTT *OWFSTF "DPVTUJD BOE &MFDUSPNBHOFUJD 4DBࡇFSJOH FPSZࡋ �SE FE�
4QSJOHFS �����

<�> 3� $PVSBOU %� )JMCFSU .FUIPET PG .BUIFNBUJDBM 1IZTJDT 7PM� ** 8JMFZ �����

<�> 7�"� %PVHBMJT 'JOJUF &MFNFOU .FUIPET GPS UIF /VNFSJDBM 4PMVUJPO PG 1BSUJBM %JञFSFOUJBM

&RVBUJPOT -FDUVSF /PUFT %FQBSUNFOU PG .BUIFNBUJDT 6OJWFSTJUZ PG "UIFOT (SFFDF �
*OTUJUVUF PG "QQMJFE BOE $PNQVUBUJPOBM .BUIFNBUJDT '035) (SFFDF� 3FWJTFE FEJUJPO
�����
	 IUUQ���TDIPMBS�VPB�HS�TJUFT�EFGBVMU�GJMFT�EPVH�GJMFT�GF@OPUFT@SFWJTJPO@�����QEG
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1IZT� �� 	����
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<�> +� (BMLPXTLJ &� "� 4QFODF %PFT UIF )FMNIPMU[ #PVOEBSZ &MFNFOU .FUIPE 4VञFS GSPN UIF

1PMMVUJPO &ञFDU  4*". 3FW� �� 	����
 ���ۗ����

<��> %� (JWPMJ /VNFSJDBM .FUIPET GPS 1SPCMFNT JO *OटOJUF %PNBJOT 4UVEJFT JO "QQMJFE
.FDIBOJDT �� &MTFWJFS �����

<��> .�4� (PDLFOCBDI 6OEFSTUBOEJOH BOE *NQMFNFOUJOH UIF 'JOJUF &MFNFOU .FUIPE 4*".
�����

<��> '� *IMFOCVSH *� #BCVTLB 'JOJUF FMFNFOU TPMVUJPO PG UIF )FMNIPMU[ FRVBUJPO XJUI IJHI
XBWF OVNCFS� 1BSU *� य़F I�WFSTJPO PG UIF '&. $PNQVUFST .BUI� "QQMJD� �� 	����
 �ۗ���
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https://people.sc.fsu.edu/~jburkardt/m_src/fem1d/fem1d.html
http://scholar.uoa.gr/sites/default/files/doug/files/fe_notes_revision_2019.pdf


<��> '� *IMFOCVSH 'JOJUF &MFNFOU "OBMZTJT PG "DPVTUJD 4DBࡇFSJOH 4QSJOHFS �����

<��> '�#� +FOTFO 8�"� ,VQFSNBO .�#� 1PSUFS )� 4DINJEU $PNQVUBUJPOBM 0DFBO "DPVTUJDT
�OE� FE� 4QSJOHFS �����

<��> 4� (� +PIOTPO /PUFT PO 1FSGFDUMZ .BUDIFE -BZFST 	1.-T
 BS9JW� ����������W� �����

<��> +�#� ,FMMFS %� (JWPMJ &YBDU OPOSFFDUJOH CPVOEBSZ DPOEJUJPOT +� $PNQVU� 1IZT� �� 	����
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<��> +�%� -PHBO ̸͓ͨͣͥ͞͡͞͏͓͟ ͓͚͙͓͎̿ͦ͛͜͞ ͐ͬͤͯͨ͠Ͳͳͦͫͨͩ͜͠ͱ ͩͣͅͻͲͤͨͱ ͊Ͱ͝ͳͦͱ ͇Ͱ͛ͩͪͤͨͮ
�����

<��> %�"� .JUTPVEJT /�"� ,BNQBOJT 7�"� %PVHBMJT 'JOJUF FMFNFOU EJTDSFUJ[BUJPO PG UIF
)FMNIPMU[ FRVBUJPO JO BO VOEFSXBUFS BDPVTUJD XBWFHVJEF JO &ञFDUJWF $PNQVUBUJPOBM

.FUIPET JO 8BWF 1SPQBHBUJPO /�"� ,BNQBOJT 7�"� %PVHBMJT BOE +�"� &LBUFSJOBSJT 	FET�

$IBQNBO � )BMM�$3$ ���� ���ۗ����

<��> (�'� 3PBDI (SFFOڣT 'VODUJPOT �OE FE� $BNCSJEHF 6OJWFSTJUZ 1SFTT �����

<��> "�)� 4DIBU[ "O PCTFSWBUJPO DPODFSOJOH 3JU[�(BMFSLJO NFUIPET XJUI JOEFOJUF CJMJOFBS
GPSNT .BUI� $PNQ� �� 	����
 ���ۗ����

<��> *� 4UBLHPME #PVOEBSZ 7BMVF 1SPCMFNT PG .BUIFNBUJDBM 1IZTJDT 7PM� * .BDNJMMBO �����
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